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Abstract

This paper investigates the mechanisms and conditions underlying negative convexity in pass-
through mortgage-backed securities (MBSs) backed by fixed-rate mortgages. We first derive an
exact decomposition of MBS prices into three components: the present value of interest-rate-
independent cash flows, the present value of principal repaid early through interest-rate-dependent
prepayments, and an interest rate option component capturing the reduction in future cash flows due
to prepayments. Under a first-order approximation, the latter two components resemble portfolios
of floorlets and Asian-style interest rate options, respectively. We then apply a cumulant expansion
to derive closed-form valuation approximations under the one-factor Hull–White model. Numerical
results show that including the second cumulant improves accuracy relative to a first-cumulant
approximation. Building on the price decomposition, we decompose duration and convexity into
component-level contributions and express the condition for negative convexity in terms of their
second-order interest rate sensitivities. Finally, phase diagrams across interest rate levels and re-
financing sensitivities identify the regions where negative convexity occurs and the corresponding
sign boundaries. The negative-convexity region expands as the long-run mean of refinancing sen-
sitivity increases. Negative convexity can arise even when no refinancing incentive exists initially,
while its magnitude may vary nonmonotonically with the interest rate level. These findings ex-
plain negative MBS convexity through the sensitivities of its price components and quantitatively
characterize the conditions governing its occurrence.
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1 Introduction

The future cash flows of pass-through mortgage-backed securities (MBSs) depend on the future path
of interest rates through borrowers’ prepayment behavior, making their prices and interest-rate sen-
sitivities more complex than those of straight bonds. In particular, declining interest rates tend to
increase prepayments through mortgage refinancing and other mechanisms, thereby limiting the in-
crease in MBS prices. As a result, MBSs exhibit distinctive interest-rate sensitivities, such as duration
shortening and negative convexity. However, the presence of a prepayment option does not necessarily
imply that MBS convexity is always negative. Therefore, to understand the interest-rate sensitivities
of MBSs, it is important to clarify the mechanisms through which negative convexity arises and the
conditions under which it occurs.

In this paper, we investigate this issue from two perspectives: a component-wise decomposition of
MBS prices and their interest-rate sensitivities, and phase diagrams of MBS convexity. Specifically,
we decompose the MBS price into three components: a component corresponding to interest-rate-
independent cash flows, a component corresponding to the present value of principal repaid early
through interest-rate-dependent prepayments, and an interest-rate-linked option component reflecting
the reduction in future cash flows due to increased prepayments. Furthermore, we derive an approx-
imate closed-form expression for the MBS price and analytically evaluate the first- and second-order
interest-rate sensitivities of each price component, thereby decomposing MBS duration and convexity
into the contributions of these components. This decomposition allows us to quantitatively examine
which price components contribute to the emergence of negative convexity through their interest-rate
sensitivities. We also use phase diagrams of convexity with respect to the interest-rate level and refi-
nancing sensitivity to numerically identify the parameter regions in which negative convexity occurs
and the boundaries separating positive and negative convexity. Through these analyses, we provide a
unified examination of the mechanisms and conditions underlying the emergence of negative convexity.

1.1 Pass-Through MBS

Mortgage-backed securities (MBSs) are securitized products backed by principal and interest payments
generated by pools of residential mortgage loans. The cash flows of MBSs have a more complex
structure than those of government and corporate bonds because they are affected by borrowers’ early
repayments, known as prepayments.

In this paper, we focus on MBSs backed by fixed-rate residential mortgage loans. Under fixed-rate
mortgages, borrowers generally make constant monthly principal and interest payments, which serve
as the source of cash flows distributed to MBS investors. Therefore, if all borrowers continue to make
their contractual payments until their loans mature, the principal and interest cash flows received by
MBS investors are predetermined.

On the other hand, under typical mortgage contracts, borrowers are allowed to repay all or part
of the outstanding principal before the scheduled maturity date. Such early repayments are referred
to as prepayments. When prepayments occur, principal is repaid ahead of schedule in addition to the
scheduled principal and interest payments, thereby altering the amounts of subsequent principal and
interest payments. Consequently, the future cash flows of MBSs depend on borrowers’ prepayment
behavior, making their valuation more complex than that of straight bonds.

Pass-through MBSs are securities that distribute principal and interest payments collected from
the underlying mortgage pool to investors in proportion to their ownership shares, after deducting
servicing fees and other expenses. In addition to scheduled principal and interest payments, principal
collected through borrowers’ prepayments is generally passed through directly to investors. In this
paper, we investigate the valuation of such pass-through MBSs.

1.2 Previous Studies on MBS Optionality and Interest-Rate Sensitivities

Under fixed-rate mortgage contracts, borrowers can repay the outstanding principal before the con-
tractual maturity date, allowing the prepayment right to be interpreted as an option held by the
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borrower. Therefore, investors in MBSs backed by such mortgages can be viewed as effectively hold-
ing a short position in the prepayment option. The optionality associated with prepayments and its
effects on MBS prices and interest-rate sensitivities have been extensively studied in the literature.

Hendershott and Van Order (1987) examine the valuation of fixed-rate mortgages within an option-
pricing framework by relating the value of a prepayable mortgage to that of an otherwise equivalent
nonprepayable mortgage and the values of contingent claims, including the prepayment option granted
to the borrower. As interest rates decline, borrowers have stronger incentives to refinance, increasing
the value of the prepayment option and thereby limiting the increase in the value of prepayable
mortgages relative to nonprepayable mortgages. They also emphasize the importance of modeling
actual prepayment behavior as a function of economic variables, including interest rates, rather than
relying solely on a simple optimal exercise boundary.

Jacob, Lord, and Tilley (1987) present a general framework for valuing securities whose future cash
flows depend on state variables such as interest rates. They demonstrate that securities whose cash
flows change in response to future interest-rate movements require a valuation approach different from
that used for fixed-rate bonds with predetermined cash flows. Since the future cash flows of MBSs
also depend on interest rates through prepayments, their framework is relevant to the present study in
that it accounts for changes in prepayments and cash flows induced by interest-rate movements, rather
than considering only changes in discount rates when evaluating MBS interest-rate sensitivities.

Brazil (1988) is an example of a study that incorporates prepayment optionality into the valuation
of MBS prices and their interest-rate sensitivities. The study points out that changes in interest rates
affect MBS prices not only through changes in discount rates but also through changes in future cash
flows induced by changes in prepayment rates. Consequently, conventional modified duration, which
assumes fixed cash flows, cannot adequately capture the interest-rate sensitivities of MBSs, making it
necessary to account for changes in prepayment rates and future cash flows in response to interest-rate
movements. The study evaluates MBS prices using the option-adjusted spread (OAS) and assesses
MBS interest-rate risk using a measure of duration that incorporates changes in prepayment rates and
future cash flows induced by interest-rate movements.

Ronn, Rubinstein, and Pan (1995) provide a more direct examination of the relationship between
MBS prices and the value of the embedded prepayment option. Focusing on fixed-rate MBSs issued
by the Government National Mortgage Association (Ginnie Mae MBSs), they construct synthetic
Ginnie Mae MBSs under the assumption of no prepayments by replicating the scheduled cash flows
using portfolios of U.S. Treasury securities. They then estimate the market value of the embedded
prepayment option as the difference between the value of the synthetic Ginnie Mae MBS without
prepayments and the observed market price of the Ginnie Mae MBS. In other words, they extract
the value of the prepayment option based on no-arbitrage principles by comparing the value of a
hypothetical security without prepayments with the actual MBS price. This approach is closely related
to the price decomposition developed in the present study, as both examine MBS prices in terms of the
value of a hypothetical security unaffected by prepayments and the value of the prepayment option.
However, whereas their study extracts the option value from the difference between market prices
and the values of replicating portfolios, the present study explicitly models the prepayment process
and decomposes the theoretical MBS price itself into multiple components with distinct economic
interpretations.

Anderson, Barber, and Chang (1993) provide a more analytical examination of the relationship
between prepayments and MBS duration. They derive an expression for MBS duration that accounts
for the interest-rate sensitivity of prepayment rates and explicitly demonstrate how this sensitivity
modifies conventional duration. In particular, by introducing the elasticity of the fraction of mortgages
remaining outstanding after prepayments with respect to interest rates, they analytically characterize
the effects of changes in prepayment rates and future cash flows on MBS duration. Furthermore, by
defining duration with respect to the prevailing market mortgage rate rather than the cash-flow yield
specific to each MBS, they provide a measure of interest-rate sensitivity that is comparable across
MBSs with different contractual mortgage rates. Their numerical examples demonstrate that when
the market mortgage rate falls below the contractual mortgage rate, duration measures that ignore
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the interest-rate sensitivity of prepayments substantially overestimate MBS duration. They further
show that, in such regions, duration shortens as interest rates decline, resulting in negative convexity.

More recent studies have suggested that the interest-rate sensitivities of MBSs arising from pre-
payment optionality can affect not only the pricing characteristics of individual securities but also the
broader bond market. Hanson (2014) examines the effects of MBS convexity on the bond market,
focusing on how prepayments of fixed-rate mortgages cause MBS duration to vary with the level of in-
terest rates. When interest rates decline, stronger refinancing incentives lead to increased prepayments
and shorter MBS duration, whereas rising interest rates reduce prepayments and extend duration. The
study demonstrates that these changes in MBS duration affect bond risk premia by altering the amount
of interest-rate risk borne by investors in the bond market. Therefore, MBS duration and convexity
arising from prepayments are important not only for the valuation and risk management of individual
MBSs but also for understanding price formation in the broader bond market.

Similarly, Malkhozov et al. (2016) investigate the relationship between interest-rate risk in the
MBS market and the yield curve from both theoretical and empirical perspectives. They focus on how
changes in MBS duration and convexity arising from interest-rate-dependent prepayment behavior
alter market participants’ exposure to interest-rate risk. In particular, they show that interest-rate risk
associated with MBS duration is related to expected excess returns on bonds and that MBS convexity
is associated with interest-rate volatility. These findings suggest that the interest-rate sensitivities of
MBSs arising from prepayments are closely related not only to the pricing characteristics of MBSs
themselves but also to movements in the yield curve and the broader interest-rate market.

As discussed above, previous studies have extensively examined the interpretation of borrowers’
prepayment rights as options and the significant effects of prepayment optionality on MBS prices,
duration, and convexity. In particular, the economic mechanism through which declining interest
rates strengthen refinancing incentives and increase prepayments, thereby limiting the increase in
MBS prices and shortening duration, has been widely recognized in the literature. Furthermore, as
demonstrated by Hanson (2014) and Malkhozov et al. (2016), these interest-rate sensitivities of MBSs
are important not only for the valuation and risk management of individual securities but also for
understanding risk premia and interest-rate movements in the broader bond market.

However, at least among the previous studies reviewed in this section, none has decomposed the
theoretical MBS price within a single pricing expression into a component corresponding to interest-
rate-independent cash flows, a component corresponding to principal repaid early through interest-
rate-dependent prepayments, and a component reflecting the reduction in future cash flows due to
prepayments, while also comparing the contributions of these components to the first- and second-
order interest-rate sensitivities in a manner consistent with the price decomposition. Furthermore,
although it is widely recognized that negative MBS convexity arises from prepayment optionality, how
the sign of convexity varies with different combinations of interest-rate levels and refinancing sensitivity
remains an area for further investigation. Focusing on these issues, this paper decomposes the MBS
price into distinct components, analyzes their contributions to duration and convexity, and examines
the boundaries between positive and negative convexity as well as the dependence of convexity on the
interest-rate level.

1.3 Previous Studies on Analytical MBS Valuation and Prepayment Models

We next review previous studies on MBS valuation methods. Historical prepayment data indicate that
MBS prepayment rates respond nonlinearly to interest rates, and nonlinear functions of interest rates
have been widely used to model prepayment rates. However, this nonlinearity makes it difficult to
derive closed-form expressions for MBS prices, and previous studies have proposed various methods to
enable analytical or semi-analytical valuation while preserving the nonlinear dependence of prepayment
rates on interest rates.

One of the studies most closely related to the present paper is Kolbe and Zagst (2009). They de-
velop an approximate closed-form valuation model for the efficient pricing of fixed-rate MBSs based on
a reduced-form approach. They decompose the prepayment rate into a refinancing-related component
and a baseline component, and model the former using max and min functions of the difference be-
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tween the weighted-average coupon rate and the 10-year interest rate, thereby capturing the S-shaped
nonlinear relationship between prepayment rates and refinancing incentives. They also model the
baseline prepayment rate as a stochastic process driven by economic factors and derive approximate
closed-form valuation formulas for pass-through MBSs, as well as interest-only (IO) and principal-
only (PO) securities, by approximating exponential functions under a CIR-type interest-rate model.
The present study shares their approach of deriving closed-form expressions for MBS prices through
suitable approximations while preserving the nonlinear dependence of prepayment rates on interest
rates.

Ozeki et al. (2009) is also relevant to the approximation method employed in the present study.
They adopt an intensity-based approach in which prepayment times are modeled using a stochastic
hazard rate and formulate the instantaneous prepayment rate using a proportional hazards model,
thereby capturing the nonlinear increase in prepayment rates as interest rates decline. They then
reduce the valuation of MBSs to the evaluation of expectations of mortgage survival probabilities
under forward measures associated with individual cash flow dates, where the survival probabilities
are expressed as exponential functions of cumulative hazards. By applying a cumulant expansion to
the cumulative hazard, they obtain approximate valuation formulas for residential mortgage-backed
securities (RMBSs), interest-only (IO) securities, and principal-only (PO) securities.

We next review other studies on the theoretical frameworks and functional forms used to model
prepayment rates in MBS valuation. Chernov, Dunn, and Longstaff (2017) develop an arbitrage-free
valuation model for Fannie Mae agency MBSs in which the prepayment function under the risk-neutral
measure is estimated to be consistent with the cross-section of TBA prices across different coupons.
They decompose the instantaneous prepayment rate into a component driven by factors other than
interest rates and a component that responds to refinancing incentives, and formulate the latter using
a max function so that the prepayment rate responds to interest rates only when the refinancing
incentive is positive. This specification directly captures the nonlinear response of prepayment rates
to interest rates through the functional form.

Diep, Eisfeldt, and Richardson (2021) explain the cross-section of interest-rate-hedged returns
on agency pass-through MBSs in terms of their exposure to prepayment risk and the associated
risk premium. They model the prepayment rate using an interest-rate-dependent max function and
decompose its variation into a prepayment level factor and a factor capturing sensitivity to refinancing
incentives. Furthermore, they estimate shocks to these factors using the difference between predicted
and realized prepayment rates and show that discount MBSs have positive sensitivity to prepayment
shocks, whereas premium MBSs have negative sensitivity.

Boyarchenko, Fuster, and Lucca (2019) analyze the smile-shaped pattern observed across coupons
in the option-adjusted spreads (OAS) of U.S. agency MBSs, as well as the factors driving their common
time-series variation. They exploit the fact that interest-only (IO) and principal-only (PO) strips
associated with the same mortgage pool have opposite sensitivities to prepayments and estimate
risk-neutral prepayment rates that equate the OAS of the two strips. They specify a reduced-form
prepayment model in which the aggregate prepayment rate is a weighted average of the prepayment
rates of two groups of borrowers with different sensitivities to refinancing incentives. The prepayment
rate for each borrower group consists of an interest-rate-independent component that depends on loan
age and a logistic function of the refinancing incentive.

Other approaches that enable analytical valuation while capturing the nonlinear dependence of
prepayment rates on interest rates include Rom-Poulsen (2007) and Qian et al. (2012). Rom-Poulsen
(2007) models the instantaneous prepayment rate as a quadratic function of the state variables driving
interest rates and enables semi-analytical valuation of MBSs under a multifactor Gaussian interest-rate
model by reducing the evaluation of expectations of exponential-quadratic functions to the solution of a
system of ordinary differential equations. In addition, Qian et al. (2012) assume that the instantaneous
prepayment rate is inversely proportional to the short rate and derive an explicit pricing formula for
pass-through MBSs by modeling both the short rate and non-interest-rate prepayment factors as CIR
processes.
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1.4 Research Framework

Building on the previous studies discussed above, this paper aims to clarify the mechanisms through
which negative convexity, a characteristic feature of pass-through MBSs, arises and the conditions
under which it occurs. Specifically, we investigate the sources of negative convexity by decomposing
MBS prices and their interest-rate sensitivities into economically interpretable components, and an-
alyze the conditions under which negative convexity occurs using phase diagrams of convexity with
respect to the interest-rate level and refinancing sensitivity.

To this end, we adopt a prepayment model that explicitly captures the nonlinear dependence
of prepayment rates on interest rates. Specifically, following Chernov, Dunn, and Longstaff (2017)
and Boyarchenko, Fuster, and Lucca (2019), we formulate the prepayment process under the risk-
neutral measure. Furthermore, drawing on the prepayment functions employed by Chernov, Dunn,
and Longstaff (2017) and Diep, Eisfeldt, and Richardson (2021), we adopt a prepayment function
involving the positive part, represented by a max function, to directly capture the nonlinear response
to refinancing incentives. In addition, following Chernov, Dunn, and Longstaff (2017), we model the
sensitivity of prepayment rates to refinancing incentives as a stochastic process.

Under this framework, we first decompose the MBS price into three price components. The first
component corresponds to the value of an MBS whose cash flows are independent of interest rates.
The second component corresponds to the present value of interest-rate-dependent prepayments of
principal, accounting for the reduction in outstanding principal, and makes a nonnegative contribution
to the MBS price when the prepayment intensity is nonnegative. In contrast, the third component
represents the present value of baseline cash flows lost due to interest-rate-dependent prepayments.
This component takes the form of a short position in interest-rate-linked options whose number of
units is independent of interest rates, and makes a nonpositive contribution to the MBS price when
the prepayment intensity is nonnegative. Furthermore, under a first-order approximation, the second
component can be interpreted as a portfolio of interest-rate options resembling interest-rate floors,
while the third component can be interpreted as a portfolio of Asian-style interest-rate options. This
price decomposition allows us to explicitly characterize the interest-rate optionality embedded in MBSs
through prepayments in terms of multiple price contributions with distinct economic characteristics.

Furthermore, to quantitatively analyze the interest-rate sensitivities of each component based on
this price decomposition, we apply a cumulant expansion to the expectations arising in MBS valuation
and derive a closed-form approximation. This allows us to analytically evaluate the first- and second-
order interest-rate sensitivities of each price component and decompose the overall MBS duration and
convexity into the contributions of these components. Thus, the closed-form approximation serves
not only as a means of efficiently valuing MBSs but also as a tool for understanding the sources of
negative convexity through the interest-rate sensitivities of the individual price components.

In addition, to clarify the conditions under which negative convexity occurs, we construct phase
diagrams of MBS convexity with respect to the interest-rate level and the initial value of refinancing
sensitivity. Furthermore, by varying the long-run mean of refinancing sensitivity, we analyze how the
mean-reversion level of refinancing sensitivity affects the boundaries between positive and negative
convexity. This allows us to identify the parameter regions in which negative convexity occurs and
examine its dependence on the interest-rate level.

Based on the foregoing discussion, this paper makes two main contributions. First, we investigate
the mechanisms through which negative convexity arises in MBSs and the conditions under which it
occurs from two perspectives: a component-wise decomposition of MBS prices and their interest-rate
sensitivities, and phase diagrams of convexity. As discussed in the previous studies, the interpreta-
tion of borrowers’ prepayment rights as options and the effects of prepayment optionality on duration
shortening and negative convexity have been extensively examined in the literature. Furthermore,
studies such as Ronn, Rubinstein, and Pan (1995) interpret the difference between the value of a
hypothetical security without prepayments and the actual MBS price as the value of the prepayment
option. In contrast, the present study explicitly models the prepayment process and provides an ex-
act decomposition of the theoretical MBS price into three components: a component corresponding
to interest-rate-independent cash flows, a component corresponding to the present value of principal
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repaid early through interest-rate-dependent prepayments, and an interest-rate-linked option compo-
nent reflecting the reduction in future cash flows due to increased prepayments. Furthermore, we
evaluate the first- and second-order interest-rate sensitivities of each price component and decompose
the overall MBS duration and convexity into the contributions of these components. This allows us to
distinguish between principal repaid early through interest-rate-dependent prepayments and the re-
duction in future cash flows that would otherwise have been paid in the absence of such prepayments,
and to quantify how the interest-rate sensitivities of the individual price components, accounting for
the reduction in outstanding principal, contribute to the overall MBS duration and convexity. In
particular, we explicitly show that the occurrence of negative convexity is determined by the relative
magnitudes of the second-order interest-rate sensitivities of the individual price components.

Furthermore, to clarify the conditions under which negative convexity occurs, we examine phase
diagrams of MBS convexity with respect to the interest-rate level and the initial value of refinanc-
ing sensitivity. We also analyze how the mean-reversion level of refinancing sensitivity affects the
boundaries between positive and negative convexity by varying its long-run mean. This allows us to
numerically identify the parameter regions in which negative convexity occurs and examine the non-
monotonic dependence of convexity on the interest-rate level. Thus, this paper identifies the mecha-
nisms underlying negative convexity through the decomposition of MBS prices and their interest-rate
sensitivities, and the conditions under which it occurs through phase diagrams of convexity.

Second, to enable the analysis of the contributions of individual price components to interest-rate
sensitivities based on the above price decomposition, we derive closed-form approximations for pass-
through MBS prices and their interest-rate sensitivities under a prepayment model that incorporates
both nonlinear responses to refinancing incentives and stochastic variation in refinancing sensitivity
itself. As discussed above, Chernov, Dunn, and Longstaff (2017) and Boyarchenko, Fuster, and Lucca
(2019) formulate prepayment processes under the risk-neutral measure, emphasizing consistency with
observed market prices. Furthermore, Chernov, Dunn, and Longstaff (2017) and Diep, Eisfeldt, and
Richardson (2021) employ prepayment functions involving a max function to capture the nonlinear
response of prepayment rates to refinancing incentives. In addition, Chernov, Dunn, and Longstaff
(2017) model the sensitivity of prepayment rates to refinancing incentives itself as a stochastic pro-
cess. Incorporating these features, we adopt a prepayment model that directly captures the nonlinear
response to interest rates under the risk-neutral measure while modeling refinancing sensitivity as a
stochastic process. In particular, our prepayment model can be viewed as an extension of the model
proposed by Kolbe and Zagst (2009), which assumes constant refinancing sensitivity in the interest-
rate-dependent component, to the case where refinancing sensitivity varies stochastically. We show
that, by applying a cumulant expansion as in Ozeki et al. (2009), a closed-form approximation for
MBS prices can be derived even under this prepayment model.

The significance of deriving a closed-form approximation lies not only in providing a means of
efficiently valuing MBSs but also in enabling an analytical assessment of the contributions to interest-
rate sensitivities based on the price decomposition described above. Although MBS prices and their
interest-rate sensitivities can also be evaluated using Monte Carlo simulation, analytically evaluating
the interest-rate sensitivities of individual price components under a nonlinear prepayment model is
generally difficult. In contrast, by combining a cumulant expansion with the one-factor Hull–White
model, we derive analytical approximations for the first- and second-order interest-rate sensitivities
of each price component, allowing us to compare their respective contributions. We also assess the
accuracy of the approximations through comparisons with Monte Carlo simulation results. Thus, the
closed-form approximation developed in this paper serves not only as a method for valuing MBSs but
also as a tool for quantitatively understanding the mechanisms underlying negative convexity through
the interest-rate sensitivities of the individual price components.

The remainder of this paper is organized as follows. Section 2 formulates the cash flows and pre-
payment process of MBSs and presents the basic framework for MBS valuation. Section 3 decomposes
the MBS price into three price components and provides an interpretation of the components associ-
ated with interest-rate-dependent prepayments in terms of interest-rate options based on a first-order
approximation. Section 4 applies a cumulant expansion to the expectations arising in MBS valuation
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and derives a closed-form approximation under the one-factor Hull–White model. Section 5 exam-
ines the accuracy of the approximation through comparisons with Monte Carlo simulation results,
decomposes MBS duration and convexity into the contributions of individual price components, and
investigates the mechanisms underlying negative convexity. Section 6 uses phase diagrams of con-
vexity with respect to the interest-rate level and refinancing sensitivity to numerically identify the
parameter regions in which negative convexity occurs and the boundaries between positive and nega-
tive convexity. Furthermore, we examine the nonmonotonic behavior of convexity as the interest-rate
level declines using a simplified model. Section 7 presents the conclusions of this paper and discusses
directions for future research.

2 Valuation Model

In this section, we formulate the basic framework for valuing pass-through MBSs backed by fixed-rate
mortgages. In Section 2.1, we derive an MBS valuation formula that accounts for cash flows and
prepayments, and reformulate the expectations arising in the valuation using a change of measure to
forward measures. In Section 2.2, we decompose the prepayment rate into interest-rate-independent
and interest-rate-dependent components, formulate a prepayment process that responds nonlinearly
to refinancing incentives, and derive an expression for the MBS price based on this process.

Let (Ω,F ,Q) be a probability space, where Q denotes the risk-neutral probability measure. We
also assume that {Ft} is a complete filtration generated by a collection of Brownian motions, whose
details are specified below.

2.1 MBS Price

In the following, we present only the results concerning MBS cash flows; for details of the derivations
and mathematical formulation, see, for example, Chernov, Dunn, and Longstaff (2017) and Imagawa
and Nakagawa (2025). Consider an MBS with a fixed mortgage rate m applied to the underlying
mortgage pool, maturity T , and a combined principal and interest payment rate per unit time c
(hereafter referred to as the payment rate). For simplicity, we disregard servicing and guarantee fees.
These three parameters satisfy the relation c = m/(1 − e−mT ), so only two of them can be specified
independently. We assume that MBS investors receive cash flows continuously over time. In the
absence of prepayments, the outstanding principal balance at time t, denoted by P̃ (t), is given by
(c/m)(1− e−m(T−t)).

When prepayments occur in the underlying mortgage pool, we assume that a fraction λ(t)dt of
the outstanding principal at time t is prepaid over the infinitesimal time interval (t, t + dt]. Here,
λ(t) is a stochastic process representing the instantaneous prepayment rate. Therefore, the fraction

of principal remaining outstanding at time t due solely to prepayments is given by e−
∫ t
0 λ(u)du.

Let {r(t)}0≤t≤T+10 denote the short-rate process. The specification of a particular interest-rate
model is required only when evaluating the expectations arising in MBS valuation, as discussed later.
Therefore, at this stage, we assume only that the short-rate process follows a one-factor model driven
by a one-dimensional Brownian motion

{
WQ

r (t)
}
0≤t≤T+10

under Q. We define the short-rate process
up to time T + 10 because the prepayment rate introduced later depends on the 10-year zero-coupon
yield R10(t) at time t.

The MBS price V (t, T ) at time t (0 ≤ t ≤ T ) is given by

V (t, T ) =e−
∫ t
0 λ(u)du

∫ T

t
EQ
[
e−

∫ s
t (r(u)+λ(u))du

(
c+ P̃ (s)λ(s)

)∣∣∣Ft

]
ds. (1)

Since e−
∫ t
0 λ(u)du, which represents the fraction of outstanding principal remaining at time t, is Ft-

measurable, it can be taken outside the conditional expectation given Ft.
To evaluate the expectation on the right-hand side of (1), we define the s-forward probability
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measure Qs for s ≥ t as follows:

L(t) :=
dQs

dQ

∣∣∣∣
Ft

=
D(t, s)/D(0, s)

M(t)/M(0)
, (2)

where M(t) :=e
∫ t
0 r(u)du,

D(t, s) :=EQ
[
e−

∫ s
t r(u)du

∣∣∣Ft

]
.

Here, M(t) denotes the value of the bank account (money-market account) at time t, and D(t, s)
denotes the price at time t of a zero-coupon bond maturing at time s.

In the following, we fix the cash flow date s. For a fixed s, we define the following auxiliary function
for t ≤ v ≤ s:

Z(s)(t, v) := EQs

[
e−

∫ v
t λ(u)du

∣∣∣Ft

]
. (3)

We also denote the diagonal value corresponding to the actual cash flow date s by

Z(t, s) := Z(s)(t, s).

Furthermore, we define the effective prepayment rate at time s as follows:

λ̄Qs(t, s) :=− ∂

∂v
lnZ(s)(t, v)

∣∣∣∣
v=s

=
EQs

[
e−

∫ s
t λ(u)duλ(s)

∣∣∣Ft

]
EQs

[
e−

∫ s
t λ(u)du

∣∣∣Ft

] . (4)

Here, the partial derivative with respect to v in (4) is taken while holding s and the corresponding
s-forward probability measure Qs fixed. Therefore, this partial derivative does not account for changes
in the probability measure itself as s varies.

Using the s-forward probability measure Qs, the MBS price can be expressed as follows (see
Appendix A.1 for a proof):

V (t, T ) =e−
∫ t
0 λ(u)du

∫ T

t
D(t, s)Z(t, s)

(
c+ P̃ (s)λ̄Qs(t, s)

)
ds

=

∫ T

t
Vd(t, s)ds. (5)

For any cash flow date v ∈ [t, T ], we use the v-forward probability measure Qv, associated with
maturity v, to write

Vd(t, v) :=c̄(t, v)D(t, v)Z(t, v),

c̄(t, v) :=e−
∫ t
0 λ(u)du

(
c+ P̃ (v)λ̄Qv(t, v)

)
,

where

Z(t, v) := Z(v)(t, v), λ̄Qv(t, v) := − ∂

∂u
lnZ(v)(t, u)

∣∣∣∣
u=v

.

The derivative with respect to u is taken while holding Qv fixed.
From Equation (4), we see that λ̄Qs(t, s) is a conditional expectation of λ(s) weighted by e−

∫ s
t λ(u)du.

Therefore, λ̄Qs(t, s) can be interpreted as an effective prepayment rate that accounts for the reduction
in outstanding principal due to prepayments up to time s.

Furthermore,

Z(t, s)c̄(t, s) = e−
∫ t
0 λ(u)duEQs

[
e−

∫ s
t λ(u)du

(
c+ P̃ (s)λ(s)

)∣∣∣Ft

]
9



holds. Therefore, Z(t, s)c̄(t, s) corresponds to the conditional expectation of the MBS cash flow at
time s, evaluated under Qs given the information available at time t. In this sense, c̄(t, s) can be
interpreted as representing the magnitude of the cash flow at time s, excluding the effect of the
reduction in outstanding principal due to prepayments, which is separately captured by Z(t, s).

Furthermore, Z(t, s) can be interpreted as an effective outstanding principal factor that reflects
the reduction in outstanding principal due to prepayments between times t and s. Therefore, Vd(t, s)
represents the contribution of the MBS cash flow at time s to its present value at time t. Thus,
Equation (5) shows that the MBS price V (t, T ) can be expressed by integrating these basic compo-
nents {Vd(t, s)}t≤s≤T from time t to maturity T . This representation is analogous to expressing a
conventional coupon-bearing government bond as a portfolio of zero-coupon bonds maturing on its
coupon payment dates and principal repayment date.

e−
∫ t
0 λ(u)du is Ft-measurable, and P̃ (t) is deterministic. Furthermore, D(t, s) is the discount factor

either observed in the market at time t or determined using an appropriate interest-rate model. There-
fore, Equation (5) shows that the main computational challenge in MBS valuation lies in evaluating
Z(t, s).

2.2 Prepayment Process

In this subsection, we outline the prepayment process employed in this paper and express Z(t, s) in
terms of this process. Since the prepayment model used in this paper is similar to those adopted by
Chernov, Dunn, and Longstaff (2017) and Imagawa and Nakagawa (2025), we omit the background
and details of the model and present only the formulation necessary for our analysis.

We consider a model in which the prepayment process λ(t) is decomposed into two components as
follows:

λ(t) =λc(t) + λr(t),

where λr(t) :=y(t) (m− a− bR10(t))
+ ,

R10(t) :=− 1

10
lnD(t, t+ 10).

Here, a and b are constants, and R10(t) denotes the 10-year zero-coupon yield at time t. Furthermore,
we model λc(t) and y(t) as stochastic processes satisfying the following stochastic differential equations:

dλc(t) =κλ
(
λ̄− λc(t)

)
dt+ σλ

√
λc(t)dW

Q
λ (t), (6)

dy(t) =κy (ȳ − y(t)) dt+ σydW
Q
y (t). (7)

Here, we allow WQ
y and WQ

r to be correlated, satisfying dWQ
y (t)dWQ

r (t) = ρdt. In contrast, we assume

that WQ
λ is independent of both WQ

r and WQ
y . In view of the above, we may also take the filtration

{Ft} to be the natural filtration generated by the three standard Brownian motions WQ
r , WQ

λ , and
WQ

y .
Note that y(t), governed by Equation (7), is a Gaussian mean-reverting process and can therefore

theoretically take negative values. Consequently, y(t) ≥ 0 is required for λr(t) to be interpreted
as a nonnegative prepayment intensity in the strict sense, and our specification should therefore be
regarded as a Gaussian approximation in this respect. However, in the numerical analysis presented
later, we choose parameter values such that the probability of y(t) taking negative values at the
monthly valuation dates is negligibly small. We verify this property in the numerical analysis.

For a fixed cash flow date s, we define the following functions for t ≤ v ≤ s:

Z(s)
r (t, v) :=EQs

[
e−

∫ v
t λr(u)du

∣∣∣Ft

]
=EQs

[
e−

∫ v
t y(u)(m−a−bR10(u))

+du
∣∣∣Ft

]
, (8)

Z(s)
c (t, v) :=EQs

[
e−

∫ v
t λc(u)du

∣∣∣Ft

]
. (9)
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The Radon–Nikodym derivative associated with the change of measure from Q to Qs depends only on
WQ

r , which drives the interest-rate process. Furthermore, WQ
λ is independent of both WQ

r and WQ
y .

Therefore, the process {λc(t)} remains independent of the pair of processes {r(t)} and {y(t)} under
Qs, and the following relation holds:

Z(s)(t, v) = Z(s)
c (t, v)Z(s)

r (t, v)

Moreover, since the change of measure to Qs does not change the dynamics of λc, Z
(s)
c (t, v) does not

actually depend on s. Hereafter, we denote it simply by Zc(t, v). For the interest-rate-dependent
component, we denote the diagonal value corresponding to the actual cash flow date by

Zr(t, s) := Z(s)
r (t, s)

Consequently, we obtain

Z(t, s) = Zc(t, s)Zr(t, s)

The expectation in Equation (8) captures the dependence of MBS cash flows on interest rates,
a characteristic feature of MBSs. How to efficiently evaluate this expectation is a central issue in
deriving a closed-form approximation for MBS prices. Since it is generally difficult to evaluate this
expectation analytically, we approximate it using a cumulant expansion in a later section. In contrast,
the expectation in Equation (9) admits an analytical expression. See Section A.2 for its derivation.

Summarizing the above results, the MBS price can be expressed as follows:

V (t, T ) =

∫ T

t
Vd(t, s)ds, (10)

where Vd(t, v) =c̄(t, v)D(t, v)Zc(t, v)Zr(t, v), (11)

c̄(t, v) =c̄0(t, v) + c̄r(t, v), (12)

c̄0(t, v) :=e−
∫ t
0 λ(u)du

(
c+ P̃ (v)λ̄c(t, v)

)
, (13)

c̄r(t, v) :=e−
∫ t
0 λ(u)duP̃ (v)λ̄Qv

r (t, v), (14)

λ̄c(t, v) :=− ∂

∂v
lnZc(t, v)

=A′
c(v − t)λc(t) +B′

c(v − t), (15)

λ̄Qv
r (t, v) :=− ∂

∂u
lnZ(v)

r (t, u)

∣∣∣∣
u=v

=
EQv

[
e−

∫ v
t λr(u)duλr(v)

∣∣∣Ft

]
EQv

[
e−

∫ v
t λr(u)du

∣∣∣Ft

] . (16)

Here, Zr(t, v) := Z
(v)
r (t, v). The key expectation in the above expressions that has not been evaluated

analytically is Z
(s)
r (t, v). In particular, evaluating the diagonal value Zr(t, s) = Z

(s)
r (t, s), which

appears directly in the MBS price, is especially important.

3 MBS Price Decomposition and Interest Rate Options

In the previous section, we formulated the MBS price and identified Zr(t, v) as the key expectation
capturing the interest-rate dependence of MBS cash flows. In Section 3.1, we decompose the MBS
price into three price components: a component corresponding to cash flows that do not depend
on interest rates, a component corresponding to the present value of principal repaid early through
interest-rate-dependent prepayments, and an interest rate option component reflecting the reduction
in future cash flows due to prepayments. In Section 3.2, we use a first-order approximation to identify
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the payoffs corresponding to the latter two price components and interpret them as a portfolio of
interest rate options resembling interest rate floorlets and a portfolio of Asian-style interest rate
options, respectively. Furthermore, we clarify the economic interpretation of each price component in
terms of MBS cash flows.

3.1 MBS Price Decomposition and Interest Rate Option Portfolios

In this subsection, we show that the MBS price V (t, T ) can be decomposed into three components:
a component corresponding to cash flows that do not depend on interest rates, a component corre-
sponding to the present value of principal repaid through interest-rate-dependent prepayments, and
a component corresponding to a portfolio of interest rate options. To this end, we first focus on
Vd(t, v) = c̄(t, v)D(t, v)Z(t, v), a basic component of the MBS price, and examine its decomposition.

First, for simplicity, we consider the case where λc(t) ≡ 0. In this case, D(t, v)Z(t, v) can be
expressed as follows:

D(t, v)Z(t, v) = D(t, v)− Z̃op(t, v), (17)

where Z̃op(t, v) := EQ
[
e−

∫ v
t r(u)du

(
1− e−

∫ v
t λr(u)du

)∣∣∣Ft

]
(18)

= EQ
[
e−

∫ v
t r(u)du

(
1− e−

∫ v
t y(u)(m−a−bR10(u))+du

)∣∣∣Ft

]
. (19)

Equations (18) and (19) imply that Z̃op(t, v) can be interpreted as the time-t value of an option
that pays 1 − exp

(
−
∫ v
t λr(u)du

)
at time v. On the other hand, the left-hand side of Equation (17),

D(t, v)Z(t, v), represents the value of a zero-coupon bond paying 1 at time v, adjusted to reflect the
reduction in outstanding principal due to interest-rate-dependent prepayments between times t and
v. Therefore, Equation (17) shows that this value can be represented as the value of a position that is
long one unit of a zero-coupon bond maturing at time v and short one unit of the option associated
with these prepayments. Note that this interpretation as an option strictly requires λr(u) ≥ 0.
As discussed in the previous section, this nonnegativity is not theoretically guaranteed under the
Gaussian refinancing-sensitivity model employed in this paper, and this interpretation therefore applies
to parameter regions in which the effect of negative values of y(t) is sufficiently small, as in the
numerical setting considered in this paper.

Using Equation (17), Vd(t, v) can be decomposed as follows:

Vd(t, v) = e−
∫ t
0 λ(u)ducD(t, v) + c̄r(t, v)D(t, v)Zr(t, v)− c̄0(t, v)Z̃op(t, v).

The second term on the right-hand side of the above expression can be written as follows:

c̄r(t, v)D(t, v)Zr(t, v) = e−
∫ t
0 λ(u)duP̃ (v)EQ

[
e−

∫ v
t r(u)due−

∫ v
t λr(u)duλr(v)

∣∣∣Ft

]
. (20)

The expectation on the right-hand side of the above equation can be interpreted as the time-t value of
an interest rate option that pays e−

∫ v
t λr(u)duλr(v) at time v. Therefore, the quantity represented by

Equation (20) corresponds to the present value of the principal cash flow repaid through interest-rate-
dependent prepayments at time v, taking into account the reduction in outstanding principal due to
such prepayments up to time v. Here, the exponential factor reflects cumulative prepayments, making
the payoff dependent on the path of interest rates. Furthermore, this quantity represents the present
value of the cash flow per unit time, and the present value corresponding to the payment over an
infinitesimal interval (v, v + dv] is obtained by multiplying this quantity by dv.
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In this case, the MBS price can be decomposed as follows:

V (t, T ) =Ṽ0(t, T ) + Ṽr(t, T )− Ṽop(t, T ), (21)

where Ṽ0(t, T ) :=

∫ T

t
e−

∫ t
0 λ(u)ducD(t, s)ds,

Ṽr(t, T ) :=

∫ T

t
c̄r(t, s)D(t, s)Zr(t, s)ds, (22)

Ṽop(t, T ) :=

∫ T

t
c̄0(t, s)Z̃op(t, s)ds. (23)

Here, the first term on the right-hand side of Equation (21), Ṽ0(t, T ), represents the present value of an
MBS for which no future prepayments occur and only fixed principal and interest payments are made.
The second term, Ṽr(t, T ), can be interpreted as the integral, from time t to maturity T , of the present
value c̄r(t, s)D(t, s)Zr(t, s)ds of principal cash flows arising from interest-rate-dependent prepayments
over the infinitesimal interval (s, s+ds]. Furthermore, the third term, Ṽop(t, T ), represents the present
value of fixed principal and interest cash flows lost due to interest-rate-dependent prepayments. This
can be expressed as the value of a portfolio holding c̄0(t, s)ds units of the option Z̃op(t, s) for each
maturity s, where the number of units does not depend on interest rates.

Next, we consider the case where λc(t) follows the stochastic differential equation given in Equa-
tion (6). As in the previous case, the following relation holds:

D(t, v)Z(t, v) = D(t, v)Zc(t, v)− Zop(t, v), (24)

where Zop(t, v) := EQ
[
e−

∫ v
t (r(u)+λc(u))du

(
1− e−

∫ v
t λr(u)du

)∣∣∣Ft

]
= EQ

[
e−

∫ v
t (r(u)+λc(u))du

(
1− e−

∫ v
t y(u)(m−a−bR10(u))+du

)∣∣∣Ft

]
Here, Zc(t, v) can be interpreted as an effective discount factor that reflects prepayments arising from
λc(t). Using Equation (24), the basic component of the MBS price, Vd(t, v), can be decomposed
exactly as follows:

Vd(t, v) =c̄0(t, v)D(t, v)Zc(t, v) + c̄r(t, v)D(t, v)Zc(t, v)Zr(t, v)

− c̄0(t, v)Zop(t, v). (25)

Equation (25) has the same structure as the decomposition of Vd(t, v) obtained for the case where
λc ≡ 0. The first term on the right-hand side corresponds to cash flows that do not depend on interest
rates, while the second term corresponds to the present value of principal repaid through interest-rate-
dependent prepayments. The third term corresponds to the present value of baseline cash flows lost
due to interest-rate-dependent prepayments and is represented by a short position in c̄0(t, v) units of
the option Zop(t, v), where the number of units does not depend on interest rates. The main difference
from the case where λc ≡ 0 is that the first and second terms are multiplied by the effective discount
factor Zc(t, v), which reflects interest-rate-independent prepayments.

Therefore, integrating Equation (25) from time t to maturity T , the MBS price V (t, T ) can be
decomposed exactly as follows:

V (t, T ) =V0(t, T ) + Vr(t, T )− Vop(t, T ), (26)

where V0(t, T ) :=

∫ T

t
c̄0(t, s)D(t, s)Zc(t, s)ds,

Vr(t, T ) :=

∫ T

t
c̄r(t, s)D(t, s)Zc(t, s)Zr(t, s)ds,

Vop(t, T ) :=

∫ T

t
c̄0(t, s)Zop(t, s)ds.
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The first term on the right-hand side of Equation (26), V0(t, T ), represents the value of an MBS
whose cash flows do not depend on interest rates. Here, we hold fixed the prepayment history up
to time t and the outstanding principal at time t. Under this condition, although the baseline cash
flows themselves do not depend on the future path of interest rates, their present value depends on
interest rates through the discount factor D(t, s). The second term, Vr(t, T ), represents the present
value of principal payments arising from interest-rate-dependent prepayments, taking into account
the reduction in outstanding principal due to both prepayment components through Zc(t, s)Zr(t, s).
Indeed, using Equation (16) and a change of measure, we obtain the following relation:

c̄r(t, s)D(t, s)Zc(t, s)Zr(t, s) =e−
∫ t
0 λ(u)duP̃ (s)EQ

[
e−

∫ s
t (r(u)+λc(u)+λr(u))duλr(s)

∣∣∣Ft

]
. (27)

Furthermore, the third term, Vop(t, T ), represents the present value of baseline cash flows lost due
to interest-rate-dependent prepayments. Here, the baseline cash flows refer to the fixed principal
and interest payments and the principal payments arising from the interest-rate-independent prepay-
ment component λc, assuming that the prepayment history up to time t is held fixed and only the
interest-rate-dependent component λr is set to zero after time t. By the independence of the process
{λc(u)} from the pair of processes {r(u)} and {y(u)}, the value of these lost cash flows is expressed
as c̄0(t, s)D(t, s)Zc(t, s){1 − Zr(t, s)}. Therefore, Vop(t, T ) represents the value of a portfolio hold-
ing c̄0(t, s)ds units of the option Zop(t, s) for each maturity s, where the number of units does not
depend on the future path of interest rates. In this sense, the second and third terms separately
capture the newly arising principal payments from prepayments and the baseline cash flows lost due
to prepayments, respectively. Note that Vop(t, T ) represents the present value of cash flows lost due to
interest-rate-dependent prepayments and is distinct from the effect that also accounts for the present
value Vr(t, T ) of principal repaid early through prepayments. The net effect of interest-rate-dependent
prepayments on the MBS price is given by Vr(t, T )− Vop(t, T ).

The above results show that Equation (26) provides an exact decomposition of the MBS price
into three components: V0(t, T ), corresponding to cash flows that do not depend on interest rates;
Vr(t, T ), corresponding to the present value of principal repaid through interest-rate-dependent pre-
payments; and Vop(t, T ), representing the value of an interest rate option portfolio that reflects the
reduction in outstanding principal due to prepayments. Under the conditions c ≥ 0, P̃ (s) ≥ 0, and
λc(u), λr(u) ≥ 0, all three price components are nonnegative. Therefore, V0(t, T ) and Vr(t, T ) make
nonnegative contributions to the MBS price, whereas −Vop(t, T ) makes a nonpositive contribution.
However, the nonnegativity of these price components does not guarantee the signs of their first- and
second-order interest-rate sensitivities. Furthermore, under the Gaussian model for y employed in
this paper, the nonnegativity of λr is not guaranteed, and the above interpretation of the signs of the
price contributions holds under this nonnegativity condition. The price decomposition itself remains
algebraically valid regardless of this condition, provided that the required expectations are finite.

3.2 Interest Rate Options Under a First-Order Approximation

In this subsection, we apply a first-order approximation to the price components introduced in the
previous subsection and interpret the effects of interest-rate-dependent prepayments on MBS prices
in terms of interest rate options. Specifically, we identify the payoffs associated with Vr(t, T ), corre-
sponding to the present value of principal repaid early through interest-rate-dependent prepayments,
and Vop(t, T ), reflecting the reduction in future cash flows due to prepayments. We then show that
the former can be interpreted as a portfolio of interest rate options resembling interest rate floorlets,
while the latter can be interpreted as a portfolio of Asian-style interest rate options, and clarify the
economic meaning of each in terms of MBS cash flows.

First, we define

λ̄Qs
r,1(u) := EQs [λr(u)| Ft] .
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We also regard

w := −
∫ s

t
λr(u)du

as a small quantity and expand Equation (8) to first order using ew ≃ 1+w. This first-order expansion
is related to the approximation method of Kolbe and Zagst (2009) in that both approximate an
exponential term involving the cumulative prepayment intensity, although the approximations are
applied differently. We further discuss the relationship between these approaches in Section 4.1. We
then obtain

Zr(t, s) = EQs

[
e−

∫ s
t λr(u)du

∣∣∣Ft

]
≃ 1−

∫ s

t
λ̄Qs
r,1(u)du. (28)

Next, we consider the price component corresponding to the present value of principal repaid
through interest-rate-dependent prepayments. We apply a first-order approximation with respect
to the magnitude of future interest-rate-dependent prepayments to the payoff e−

∫ v
t λr(u)duλr(v) in

Equation (20). Specifically, holding the outstanding principal at time t fixed and replacing future
values of λr with ελr, we obtain

e−ε
∫ v
t λr(u)duελr(v) = ελr(v) +O(ε2).

Thus, to first order, we replace the exponential factor representing the reduction in outstanding
principal by 1. On the other hand, 1 − e−ε

∫ v
t λr(u)du becomes ε

∫ v
t λr(u)du + O(ε2). Assuming the

integrability conditions required for this expansion and suppressing ε in what follows, we obtain

c̄r(t, v)D(t, v)Zr(t, v) ≃e−
∫ t
0 λ(u)duP̃ (v)EQ

[
e−

∫ v
t r(u)duλr(v)

∣∣∣Ft

]
=e−

∫ t
0 λ(u)duP̃ (v)EQ

[
e−

∫ v
t r(u)duy(v)

(
m− a− bR10(v)

)+∣∣∣Ft

]
. (29)

For b > 0, the payoff appearing in the expectation in Equation (29) takes the form of a put-type
payoff that is positive when R10(v) falls below (m−a)/b, multiplied by the refinancing sensitivity y(v).
Therefore, this expectation can be interpreted as the present value of a contingent claim resembling an
interest rate floorlet with R10(v) as its reference rate. However, this contingent claim is not identical
to a standard interest rate floorlet, because the reference rate is the 10-year zero-coupon yield and y(v)
is a stochastic coefficient. The exact payoff additionally contains a path-dependent factor representing
the outstanding principal, and the floorlet-type representation above is obtained under the first-order
approximation. Consequently, Ṽr(t, T ), defined by Equation (22), can be interpreted as a portfolio of
such interest rate options with different maturities v.

From the perspective of MBS cash flows, c̄r(t, v)D(t, v)Zr(t, v) corresponds to the present value of
principal repaid early through interest-rate-dependent prepayments at time v. Therefore, Ṽr(t, T ) can
be interpreted as a price component obtained by aggregating, across maturities, the present values of
principal repaid through interest-rate-dependent prepayments at each point in time. Under the first-
order approximation, an increase in the refinancing incentive, holding other conditions fixed, increases
the put-type payoff when y(v) ≥ 0. On the other hand, the exact price component incorporates not
only the increase in principal repayments at a given time due to a higher prepayment rate but also
the reduction in outstanding principal resulting from earlier prepayments. Therefore, an increase in
the prepayment rate does not necessarily lead to an increase in principal payments at each point in
time. Furthermore, assessing the monotonicity of the overall price component with respect to interest
rates requires taking into account changes in the discount factor as well.

Next, we consider the price component reflecting the reduction in future cash flows due to pre-
payments. Applying the same first-order approximation as in Equation (28) to Equation (18), we
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approximate Z̃op(t, v) as follows:

Z̃op(t, v) ≃EQ
[
e−

∫ v
t r(u)du

∫ v

t
λr(u)du

∣∣∣∣Ft

]
(30)

=EQ
[
e−

∫ v
t r(u)du

∫ v

t
y(u)

(
m− a− bR10(u)

)+
du

∣∣∣∣Ft

]
. (31)

The payoff appearing in Equation (31) takes the form of an integral, from time t to v, of put-type
payoffs on R10(u) at each point in time u. Therefore, Z̃op(t, v) can be interpreted as the time-t
value of an Asian-style interest rate option whose payoff depends on the path of interest rates. Here,
“Asian-style” refers to the dependence on the integral of put-type payoffs at each point in time, which
differs from a conventional average-price Asian put option, where the payoff is the positive part of
the difference between the strike price and the average value of the underlying asset. Consequently,
Ṽop(t, T ), defined by Equation (23), can be interpreted as a portfolio of such Asian-style interest rate
options with different maturities v.

From the perspective of MBS cash flows, Ṽop(t, T ) corresponds to the effect whereby an increase in
prepayments following a decline in interest rates reduces the outstanding principal and, consequently,
the principal and interest cash flows received thereafter. Holding other conditions fixed, an increase in
the cumulative value of nonnegative λr increases the payoff 1− e−

∫ v
t λr(u)du, so that −Ṽop(t, T ), which

enters Equation (21) as a short position, contributes to limiting increases in the MBS price. Therefore,
Ṽop(t, T ) can be interpreted as a price component representing the effect of interest-rate-dependent
prepayments that prevents MBS investors from receiving the principal and interest cash flows they
would otherwise have received in the absence of prepayments.

A similar interpretation holds in the general case where the interest-rate-independent prepayment
process λc(t) is present. Indeed, applying the same first-order approximation as in Equation (28), we
obtain

Zop(t, v) ≃EQ
[
e−

∫ v
t (r(u)+λc(u))du

∫ v

t
λr(u)du

∣∣∣∣Ft

]
=EQ

[
e−

∫ v
t (r(u)+λc(u))du

∫ v

t
y(u)

(
m− a− bR10(u)

)+
du

∣∣∣∣Ft

]
.

In this case, Zop(t, v) can be interpreted as the present value of an Asian-style interest rate option
with the same payoff as the options represented by Equations (30) and (31), but with a discount
factor that also reflects the effect of prepayments arising from λc(t). Similarly, applying the first-order
approximation to Equation (27), we obtain

c̄r(t, v)D(t, v)Zc(t, v)Zr(t, v) ≃ e−
∫ t
0 λ(u)duP̃ (v)Zc(t, v)EQ

[
e−

∫ v
t r(u)duy(v)

(
m− a− bR10(v)

)+∣∣∣Ft

]
.

Here, we use the independence of the process {λc(u)} from the pair of processes {r(u)} and {y(u)}.
Therefore, the price component in the general case can also be interpreted in terms of a contingent
claim resembling an interest rate floorlet, with the additional factor Zc(t, v) reflecting the reduction
in outstanding principal due to interest-rate-independent prepayments. Furthermore, the number of
units held in the portfolio Vop(t, T ) is c̄0(t, v)dv, which remains independent of interest rates under
this first-order approximation.

The above results show that, under the first-order approximation, the effects of interest-rate-
dependent prepayments on MBS prices can be understood in terms of two price components associated
with distinct types of interest rate options. Specifically, Vr(t, T ) can be interpreted as a portfolio of
interest rate options resembling interest rate floorlets, corresponding to the present value of principal
repaid early as interest rates decline. On the other hand, Vop(t, T ) can be interpreted as a portfolio
of Asian-style interest rate options, corresponding to the reduction in future principal and interest
cash flows resulting from the decrease in outstanding principal due to prepayments. Thus, interest-
rate-dependent prepayments can be understood in terms of the nonnegative price contribution from
early principal repayments and the nonpositive price contribution from lost cash flows that do not
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depend on interest rates. However, the signs of these price contributions must be distinguished from
the signs of their interest-rate sensitivities. Our price decomposition distinguishes between these two
price effects by representing them as Vr(t, T ) and −Vop(t, T ), respectively.

4 Closed-Form Approximation of MBS Prices

In this section, we derive a closed-form approximation for MBS prices to enable efficient valuation.
In Section 4.1, we apply a cumulant expansion to Zr(t, v) and derive approximate expressions using
the first and second cumulants, while also clarifying their relationship to the first-order approximation
introduced in the previous section. In Section 4.2, we adopt the one-factor Hull–White model as
a specific interest rate model and derive analytical expressions for zero-coupon bond prices and the
dynamics of the stochastic processes under the forward measure. In Section 4.3, we derive closed-form
expressions for λ̄Qs

r,1(u) and λ̄Qs
r,2(u, η), which appear in the cumulant expansion, under the Hull–White

model. We then use these analytical expressions to derive a closed-form approximation for Zr(t, v)
and MBS prices.

4.1 Cumulant Expansion

In the previous section, we introduced a first-order approximation to clarify the properties of MBS
prices in terms of interest rate options. However, efficient valuation of MBS prices requires an ap-

proximation of Zr(t, s) = Z
(s)
r (t, s) itself. In this subsection, following Ozeki et al. (2009), we apply a

cumulant expansion to Z
(s)
r (t, v) to derive a closed-form approximation. Furthermore, we clarify the

relationship between the first-order approximation introduced in the previous section and the approx-
imation obtained by truncating the cumulant expansion after the first cumulant, and discuss how our
approach differs from the approximation method of Kolbe and Zagst (2009).

For a fixed cash flow date s, we define κ
(s)
n (t, v) as the nth conditional cumulant of

∫ v
t λr(u)du

under Qs, conditional on Ft, for t ≤ v ≤ s, as follows.

κ(s)n (t, v) :=
∂n

∂θn
lnEQs

[
eθ

∫ v
t λr(u)du

∣∣∣Ft

]∣∣∣∣
θ=0

.

In this definition, s and the corresponding forward measure Qs are held fixed as v varies. Applying

the cumulant expansion to Z
(s)
r (t, v) then yields

Z(s)
r (t, v) = exp

( ∞∑
n=1

(−1)n

n!
κ(s)n (t, v)

)
.

Therefore, at the actual cash flow date v = s, we obtain

Zr(t, s) = Z(s)
r (t, s) = exp

( ∞∑
n=1

(−1)n

n!
κ(s)n (t, s)

)
.

Henceforth, for notational simplicity, we write κn(t, s) := κ
(s)
n (t, s) only for the diagonal values. Thus,

truncating the cumulant expansion after the second cumulant gives the following approximation for
Zr(t, s).

Zr(t, s) ≃ e−κ1(t,s)+κ2(t,s)/2. (32)

In the following, we examine the expressions for the first and second cumulants. First, the first
cumulant is given by

κ
(s)
1 (t, v) =

∫ v

t
λ̄Qs
r,1(u)du,

where λ̄Qs
r,1(u) :=EQs [λr(u)| Ft] .
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In particular, setting v = s yields κ1(t, s) =
∫ s
t λ̄Qs

r,1(u)du. Next, the second cumulant is given by

κ
(s)
2 (t, v) =2

∫ v

t

∫ v

u

[
λ̄Qs
r,2(u, η)− λ̄Qs

r,1(u)λ̄
Qs
r,1(η)

]
dηdu,

where λ̄Qs
r,2(u, η) :=EQs [λr(u)λr(η)| Ft] .

In particular, setting v = s yields

κ2(t, s) = 2

∫ s

t

∫ s

u

[
λ̄Qs
r,2(u, η)− λ̄Qs

r,1(u)λ̄
Qs
r,1(η)

]
dηdu.

Furthermore, differentiating with respect to v while holding s and the corresponding forward measure
Qs fixed yields

∂

∂v
κ
(s)
1 (t, v) =λ̄Qs

r,1(v),

∂

∂v
κ
(s)
2 (t, v) =2

∫ v

t

[
λ̄Qs
r,2(u, v)− λ̄Qs

r,1(u)λ̄
Qs
r,1(v)

]
du.

The quantities λ̄Qs
r,1(u) and λ̄Qs

r,2(u, η) can be evaluated by specifying an interest rate model. In partic-
ular, closed-form expressions are available under the one-factor Hull–White model. We derive these
expressions in a subsequent subsection.

The cumulant-based approximation in (32) is related to the approximation method employed by
Kolbe and Zagst (2009). In the previous section, we treated w := −

∫ s
t λr(u)du as a small quantity

and obtained (28) by expanding (8) to first order in w. On the other hand, if we truncate the
cumulant expansion in (32) after the first cumulant and further assume that |κ1(t, s)| ≪ 1, the
resulting approximation for Zr(t, s) coincides with the approximation on the right-hand side of (28).

The approximation presented in (28) is related to the approach of Kolbe and Zagst (2009), but
differs in how the approximation is applied. This difference allows us to interpret MBS prices as
including short positions in interest rate options, as shown in (18) and (19). To clarify the difference
between their approach and ours, we present a simplified representation of the main approximation
employed by Kolbe and Zagst (2009), using the notation of this paper. Let

wK := −
∫ s

t
r(u)du,

zK := −
∫ s

t
λr(u)du

The main approximation employed in their study can be expressed as ewK+zK ≃ ewK +zK, which leads
to the following approximation for D(t, s)Zr(t, s).

D(t, s)Zr(t, s) =EQ
[
e−

∫ s
t (r(u)+λr(u))du

∣∣∣Ft

]
≃EQ

[
e−

∫ s
t r(u)du

∣∣∣Ft

]
− EQ

[∫ s

t
λr(u)du

∣∣∣∣Ft

]
.

The second term on the right-hand side is the risk-neutral expectation of the payoff
∫ s
t λr(u)du itself,

rather than its discounted present value, and therefore cannot be interpreted as an option price. In
contrast, we use the approximation ew ≃ 1 + w for |w| ≪ 1 to approximate Zr(t, s) as in (28). As
a result, the first-order term in our approximation can be expressed, as shown in (30), as the risk-
neutral conditional expectation of the product of the stochastic discount factor exp(−

∫ s
t r(u)du) and

the payoff
∫ s
t λr(u)du. Therefore, this term can be interpreted as the present value at time t of an

interest rate option. This interpretation is also consistent with the intuition that MBSs embed interest
rate optionality through prepayments.
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4.2 Hull–White Model under the s-Forward Measure

As discussed in the previous subsection, approximating Zr(t, v) and the option values using the first two
cumulants requires analytical expressions for λ̄Qs

r,1(u) and λ̄Qs
r,2(u, η). In this subsection, we present the

fundamental expressions needed to derive these analytical expressions under the Hull–White model.
Since these expectations are evaluated under the s-forward measure Qs, we also derive the dynamics
of the stochastic processes under this measure.

In this subsection, we adopt the following Hull–White model (Hull and White 1990) as our interest
rate model.

dr(t) = (ϑ(t)− arr(t)) dt+ σrdW
Q
r (t). (33)

Here, ar and σr are positive constants. The function ϑ(t) is determined so that the theoretical discount
curve derived from the short-rate process in (33) matches the market-observed discount curve D(0, t)
at time 0. The zero-coupon bond price is given by the following expressions (see Appendix B.2 for
the proof).

D(t, T ) =EQ
[
e−

∫ T
t r(u)du

∣∣∣Ft

]
= eAr(t,T )−Br(T−t)r(t), (34)

where Ar(t, T ) := ln
D(0, T )

D(0, t)
−Br(T − t)

∂

∂t
lnD(0, t)

− σ2
r

4ar

(
1− e−2art

)
B2

r (T − t), (35)

Br(τ) :=
1− e−arτ

ar
, τ ≥ 0. (36)

Many of the expectations introduced in the previous subsection are defined under the s-forward
measure Qs, rather than the risk-neutral measure Q. Therefore, to evaluate these expectations ex-
plicitly, we need to derive the dynamics of the stochastic processes under Qs. To this end, we present
the relationship between the standard Brownian motions under the risk-neutral measure Q and those
under the s-forward measure Qs. Specifically, applying Equations (76)–(78) to the stochastic differ-
ential equations for r(t), y(t), and λc(t) under Q yields the following stochastic differential equations
under Qs (see Appendix C.2 for the proof).

dr(t) =
(
ϑ(t)− σ2

rBr(s− t)− arr(t)
)
dt+ σrdW

Qs
r (t), (37)

dy(t) =κy

(
ȳ − ρσrσy

κy
Br(s− t)− y(t)

)
dt+ σydW

Qs
y (t), (38)

dλc(t) =κλ
(
λ̄− λc(t)

)
dt+ σλ

√
λc(t)dW

Qs

λ (t).

4.3 Derivation of Approximate MBS Valuation Formulas

In this subsection, we derive closed-form expressions for λ̄Qs
r,1(u) and λ̄Qs

r,2(u, η) under the Hull–White
model, and use these expressions to derive approximate valuation formulas for Zr(t, v) and MBS prices.

From Equations (34)–(36), the 10-year zero-coupon yield R10(t) under the Hull–White model can
be expressed as follows:

R10(t) =− 1

10
lnD(t, t+ 10)

=
1

10
(−Ar,10(t) +Br,10r(t)) ,

where Ar,10(t) :=Ar(t, t+ 10)

= ln
D(0, t+ 10)

D(0, t)
−Br,10

∂

∂t
lnD(0, t)− σ2

r

4ar

(
1− e−2art

)
B2

r,10,

Br,10 :=Br(10) =
1− e−10ar

ar
.
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Using this expression, λr(t) can be written as follows:

λr(t) =
bBr,10

10
y(t) (rflr(t)− r(t))+ , (39)

where rflr(t) :=
10(m− a) + bAr,10(t)

bBr,10
. (40)

Equation (39) shows that, when y(t) > 0, the prepayment rate λr(t) becomes positive if the short rate
r(t) falls below the strike rflr(t). Furthermore, the strike defined in Equation (40) is a deterministic
function of time, indicating that, when the prepayment rate is expressed as a function of the short
rate r(t), the strike generally exhibits a term structure.

Therefore, λ̄Qs
r,1(u) can be expressed as follows:

λ̄Qs
r,1(u) =

bBr,10

10
EQs

[
y(u) (rflr(u)− r(u))+

∣∣Ft

]
=
bBr,10

10
rflr(u)EQs

[
y(u)1{r(u)≤rflr(u)}

∣∣Ft

]
− bBr,10

10
EQs

[
y(u)r(u)1{r(u)≤rflr(u)}

∣∣Ft

]
. (41)

To evaluate the two expectations on the right-hand side of Equation (41), we define the conditional
means and standard deviations of r(u) and y(u) under Qs, for u ∈ [t, s], as follows:

µQs
r (t, u) :=EQs [r(u)| Ft] , (42)

σQs
r (t, u) :=

√
VarQs [r(u)| Ft], (43)

µQs
y (t, u) :=EQs [y(u)| Ft] , (44)

σQs
y (t, u) :=

√
VarQs [y(u)| Ft]. (45)

Analytical expressions are available for µQs
r (t, u), σQs

r (t, u), µQs
y (t, u), and σQs

y (t, u) (see Section C.3
for details).

Using µQs
r (t, u), σQs

r (t, u), µQs
y (t, u), and σQs

y (t, u), we define X(u) and Y (u) as follows:

X(u) :=
r(u)− µQs

r (t, u)

σQs
r (t, u)

,

Y (u) :=
y(u)− µQs

y (t, u)

σQs
y (t, u)

.

Note that σQs
r (t, t) = σQs

y (t, t) = 0 at u = t. Therefore, the above standardization is defined for
u ∈ (t, s]. When values at u = t are required, they are treated as limits as u ↓ t. Under the s-forward
measure Qs, the following relation holds:(

X(u)
Y (u)

)∣∣∣∣
Ft

∼N
((

0
0

)
,

(
1 ρxy(t, u)

ρxy(t, u) 1

))
,

where ρxy(t, u) :=
CovQs [r(u), y(u)| Ft]

σQs
r (t, u)σQs

y (t, u)
,

CovQs [r(u), y(u)| Ft] =ρσrσy

∫ u

t
e−(ar+κy)(u−z)dz = ρσrσy

1− e−(ar+κy)(u−t)

ar + κy
. (46)

The indicator functions appearing on the right-hand side of Equation (41) satisfy the following relation:

r(u) ≤ rflr(u) ⇔ X(u) ≤ d(t, u),

where d(t, u) :=
rflr(u)− µQs

r (t, u)

σQs
r (t, u)

.
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First, the expectation in the first term on the right-hand side of Equation (41) can be evaluated as
follows:

EQs
[
y(u)1{r(u)≤rflr(u)}

∣∣Ft

]
=EQs

[(
µQs
y (t, u) + σQs

y (t, u)Y (u)
)
1{X(u)≤d(t,u)}

∣∣∣Ft

]
=Φ
(
d(t, u)

)
µQs
y (t, u)− ρxy(t, u)φ

(
d(t, u)

)
σQs
y (t, u).

Similarly, the expectation in the second term on the right-hand side of Equation (41) can be evaluated
as follows:

EQs
[
y(u)r(u)1{r(u)≤rflr(u)}

∣∣Ft

]
=EQs

[(
µQs
y (t, u) + σQs

y (t, u)Y (u)
)(

µQs
r (t, u) + σQs

r (t, u)X(u)
)
1{X(u)≤d(t,u)}

∣∣∣Ft

]
=µQs

y (t, u)µQs
r (t, u)EQs

[
1{X(u)≤d(t,u)}

∣∣Ft

]
+ µQs

y (t, u)σQs
r (t, u)EQs

[
X(u)1{X(u)≤d(t,u)}

∣∣Ft

]
+ µQs

r (t, u)σQs
y (t, u)EQs

[
Y (u)1{X(u)≤d(t,u)}

∣∣Ft

]
+ σQs

y (t, u)σQs
r (t, u)EQs

[
X(u)Y (u)1{X(u)≤d(t,u)}

∣∣Ft

]
=Φ
(
d(t, u)

)
µQs
y (t, u)µQs

r (t, u)

− φ
(
d(t, u)

) (
µQs
y (t, u)σQs

r (t, u) + ρxy(t, u)σ
Qs
y (t, u)µQs

r (t, u)
)

+ ρxy(t, u)
(
Φ
(
d(t, u)

)
− d(t, u)φ

(
d(t, u)

))
σQs
y (t, u)σQs

r (t, u).

Combining these results, we obtain the following analytical expression for λ̄Qs
r,1(u):

λ̄Qs
r,1(u) =

bBr,10

10

[
µQs
y (t, u)

{
∆Qs

r (t, u)Φ(d(t, u)) + σQs
r (t, u)φ(d(t, u))

}
− ρxy(t, u)σ

Qs
r (t, u)σQs

y (t, u)Φ(d(t, u))
]
. (47)

Here, we define ∆Qs
r (t, v) as follows:

∆Qs
r (t, v) := rflr(v)− µQs

r (t, v).

Equation (47) can also be expressed as follows:

λ̄Qs
r,1(u) =

bBr,10

10

{
µQs
y (t, u)EQs

[
(rflr(u)− r(u))+ | Ft

]
− CovQs [r(u), y(u) | Ft]Φ(d(t, u))

}
.

The first term on the right-hand side of the above expression corresponds to the conditional expectation
of y(u)(rflr(u) − r(u))+ under Qs when r(u) and y(u) are conditionally independent given Ft. In
contrast, the second term represents a correction arising from the conditional covariance between r(u)
and y(u). However, since µQs

y (t, u) itself also depends on the correlation coefficient ρ, the second term
alone does not capture the entire effect of correlation.

Next, we derive a closed-form expression for λ̄Qs
r,2(u, η). Since the derivation follows essentially the

same approach as that for λ̄Qs
r,1(u), we provide only an outline here and refer the reader to Appendix D.1

for details. For t ≤ u ≤ η ≤ s, λ̄Qs
r,2(u, η) is expressed as follows:

λ̄Qs
r,2(u, η) =

(
bBr,10

10

)2

EQs
[
y(u)y(η) (rflr(u)− r(u))+ (rflr(η)− r(η))+

∣∣Ft

]
. (48)
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In the following derivation using standardized variables, we assume t < u < η ≤ s. Values on the
boundaries corresponding to u = t and u = η are treated as continuous limits when necessary. The
expectation on the right-hand side of the above equation can be expressed as follows:

EQs
[
y(u)y(η) (rflr(u)− r(u))+ (rflr(η)− r(η))+

∣∣Ft

]
=EQs

[{
µQs
y (t, u) + σQs

y (t, u)Y (u)
}{

µQs
y (t, η) + σQs

y (t, η)Y (η)
}

×
{
∆Qs

r (t, u)− σQs
r (t, u)X(u)

}{
∆Qs

r (t, η)− σQs
r (t, η)X(η)

}
× 1{X(u)≤d(t,u)}1{X(η)≤d(t,η)} |Ft

]
. (49)

The random vector (X(u), Y (u), X(η), Y (η))⊤
∣∣
Ft

follows the following four-dimensional normal dis-
tribution: 

X(u)
Y (u)
X(η)
Y (η)


∣∣∣∣∣∣∣∣
Ft

∼ N



0
0
0
0

 ,Σ

 ,

where Σ :=


1 ρxy(t, u) ρxx(t, u, η) ρxy(t, u)ρyy(t, u, η)

ρxy(t, u) 1 ρxy(t, u)ρxx(t, u, η) ρyy(t, u, η)
ρxx(t, u, η) ρxy(t, u)ρxx(t, u, η) 1 ρxy(t, η)

ρxy(t, u)ρyy(t, u, η) ρyy(t, u, η) ρxy(t, η) 1

 ,

ρxx(t, u, η) :=CorrQs [X(u), X(η)| Ft] = e−ar(η−u)σ
Qs
r (t, u)

σQs
r (t, η)

,

ρyy(t, u, η) :=CorrQs [Y (u), Y (η)| Ft] = e−κy(η−u)
σQs
y (t, u)

σQs
y (t, η)

.

To express the expectation in Equation (49) more compactly, we define the following coefficients:

C00(u, η) :=µQs
y (t, u)µQs

y (t, η) + σQs
y (t, u)σQs

y (t, η)γy(t, u, η),

C10(u, η) :=µQs
y (t, u)σQs

y (t, η)αy(t, u, η) + σQs
y (t, u)µQs

y (t, η)ρxy(t, u),

C01(u, η) :=µQs
y (t, u)σQs

y (t, η)βy(t, u, η),

C20(u, η) :=σQs
y (t, u)σQs

y (t, η)ρxy(t, u)αy(t, u, η),

C11(u, η) :=σQs
y (t, u)σQs

y (t, η)ρxy(t, u)βy(t, u, η).

Here, αy(t, u, η), βy(t, u, η), and γy(t, u, η) are defined as follows:

αy(t, u, η) :=
ρxy(t, u)ρyy(t, u, η)− ρxx(t, u, η)ρxy(t, η)

1− ρ2xx(t, u, η)
,

βy(t, u, η) :=
ρxy(t, η)− ρxx(t, u, η)ρxy(t, u)ρyy(t, u, η)

1− ρ2xx(t, u, η)
,

γy(t, u, η) :=
(
1− ρ2xy(t, u)

)
ρyy(t, u, η).

Furthermore, we define the truncated moments Mpq(u, η) of X(u) and X(η) as follows:

Mpq(u, η) :=EQs
[
X(u)pX(η)q1{X(u)≤d(t,u)}1{X(η)≤d(t,η)}

∣∣Ft

]
, p, q = 0, 1, 2, . . . .

Analytical expressions are available for the truncated moments Mpq(u, η) required below. Using these
expressions, we can analytically evaluate the expectation in Equation (49) and ultimately obtain the
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following closed-form expression for λ̄Qs
r,2(u, η):

λ̄Qs
r,2(u, η) =

(
bBr,10

10

)2 ∑
(p,q)∈I

Cpq(u, η)
1∑

i=0

1∑
j=0

(−1)i+j∆1−i
u σi

u∆
1−j
η σj

ηMp+i,q+j(u, η). (50)

Here, for notational simplicity, we have introduced

I := {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1)},
∆v := ∆Qs

r (t, v),

σv := σQs
r (t, v).

For a comparison between the analytical expressions for λ̄Qs
r,1(u) and λ̄Qs

r,2(u, η) and their Monte Carlo
estimates, see Appendix D.2.

The above results yield the following approximate representation of the MBS price:

V (t, T ) ≃ V (2)(t, T ) := V0(t, T ) + V (2)
r (t, T )− V (2)

op (t, T ), (51)

V (2)
r (t, T ) :=

∫ T

t
c̄(2)r (t, s)D(t, s)Zc(t, s)Z

(2)
r (t, s)ds, (52)

V (2)
op (t, T ) :=

∫ T

t
c̄0(t, s)Z

(2)
op (t, s)ds, (53)

c̄(2)(t, s) := c̄0(t, s) + c̄(2)r (t, s), (54)

c̄(2)r (t, s) :=e−
∫ t
0 λ(u)duP̃ (s)

(
∂

∂v
κ
(s)
1 (t, v)− 1

2

∂

∂v
κ
(s)
2 (t, v)

)∣∣∣∣
v=s

, (55)

Z(2)
r (t, s) := e−κ1(t,s)+κ2(t,s)/2, (56)

Z(2)
op (t, s) := D(t, s)Zc(t, s)

(
1− Z(2)

r (t, s)
)
. (57)

Here, κn(t, s) = κ
(s)
n (t, s) denotes the diagonal value of the cumulant defined under the fixed s-forward

measure Qs. In contrast, the derivatives appearing in Equation (55) are taken with respect to the
auxiliary variable v, while holding s and the measure Qs fixed. The superscript (2) in quantities such as
V (2)(t, T ) indicates that they are approximated using the cumulant expansion truncated at the second
cumulant. Analytical expressions for λ̄Qs

r,1(u) and λ̄Qs
r,2(u, η), which enter κ1(t, s) and κ2(t, s), are given

by Equations (47) and (50), respectively. Therefore, the expectations required to evaluate V (2)(t, T )
can be obtained analytically, and the remaining time integrals can be evaluated as deterministic
integrals.

Rearranging this decomposition yields the following product form, which is consistent with the
original MBS valuation formula:

V (2)(t, T ) =

∫ T

t
c̄(2)(t, s)D(t, s)Zc(t, s)Z

(2)
r (t, s)ds.

Note that although Z
(2)
r is strictly positive by construction as an exponential function, truncating the

cumulant expansion at the second cumulant does not guarantee that Z
(2)
r ≤ 1 or c̄

(2)
r ≥ 0. Therefore,

when interpreting the approximated quantities as nonnegative price components, these conditions must

be verified numerically. When the cumulant expansion is truncated at the first cumulant, κ
(s)
2 (t, v)

and its derivative with respect to v are set to zero, and Z
(1)
r (t, s) = e−κ1(t,s) is used. In the following,

we denote the MBS price obtained under this approximation by V (1)(t, T ).

5 Numerical Analysis of MBS Prices and Interest Rate Sensitivities

In this section, we numerically analyze MBS prices and their interest rate sensitivities using the closed-
form approximation for MBS prices derived in Section 4. First, we evaluate the accuracy of the closed-
form approximation by comparing MBS prices obtained from the closed-form approximation with those
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obtained from Monte Carlo simulation. Next, we decompose MBS prices into the price components
introduced in the preceding section and examine how each component responds to changes in the
interest rate level and refinancing sensitivity. Furthermore, by decomposing the duration and convexity
of MBS prices into the contributions of individual price components, we quantitatively investigate the
effects of interest-rate-dependent prepayments on MBS interest rate sensitivities. In particular, we
clarify how duration shortening and negative convexity in declining interest rate environments are
related to the interest rate sensitivities of the individual price components.

5.1 Numerical Setup, Interest-Rate Sensitivities, and Approximation Accuracy

In this subsection, we first present the baseline model parameters and computational settings used in
the numerical analysis, and then assess the accuracy of the approximate closed-form MBS valuation
formulas derived in the preceding sections. Specifically, we compare MBS prices evaluated using
cumulant expansions truncated after the first and second cumulants with those obtained by Monte
Carlo simulation. Unless otherwise stated, we use the model parameters and computational settings
reported in Table 1 throughout this section.

Note that y(t), defined by Equation (7), follows a Gaussian mean-reverting process and can there-
fore theoretically take negative values. Under y(0) = 0, the conditional mean and standard deviation
of y(t) under Q are given by µy(t) = ȳ

(
1− e−κyt

)
and σy(t) = σy

√
(1− e−2κyt)/(2κy), respectively.

Thus, we obtain Q (y(t) < 0) = Φ (−µy(t)/σy(t)). Using the parameters in Table 1, at the first
monthly evaluation date t = 1/12, the probability is Q(y(1/12) < 0) ≃ 7.5 × 10−7 for ȳ = 1.0 and
Q(y(1/12) < 0) ≃ 3.7×10−128 for ȳ = 5.0. Therefore, under the parameter settings and at the monthly
evaluation dates considered in the numerical analysis, the probability that y(t) takes negative values
is negligibly small.

Figure 1 shows several sample paths of r(t), together with the evolution of EQ [r(t)] and rflr(t).
For u ≥ t, EQ [r(u)| Ft] is given by the following expression (see Appendix B.3 for the derivation):
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Figure 1: Evolution of several sample paths of r(t), EQ [r(t)], and rflr(t). The left and right panels
correspond to σr = 0.01 and σr = 0.02, respectively. The solid gray lines represent 40 sample paths
of r(t), the solid blue line represents EQ [r(t)], and the solid orange line represents rflr(t). The other
parameters and computational settings are given in Table 1.

EQ [r(u)| Ft] =e−ar(u−t)r(t)− ∂

∂u
lnD(0, u) + e−ar(u−t) ∂

∂t
lnD(0, t)

+
σ2
r

2a2r

(
1− e−ar(u−t)

)(
1− e−ar(u+t)

)
. (58)
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Table 1: Baseline Model Parameters and Computational Settings for Numerical Analysis

Category Parameter / Setting Value

Term Structure
R 0.03 (flat)

D(0, t) exp(−Rt)

r(t)

ϑ(t)
Consistent with the

term structure

ar 0.03

σr 0.01

r(0) − ∂

∂t
lnD(0, t)

∣∣∣∣
t→0

= R = 0.03

y(t)

κy 0.5

ȳ 1.0

σy 0.03

y(0) 0.00

ρ −0.6

λc(t)

κλ 0.15

λ̄ 0.04

σλ 0.04

λc(0) 0.02

MBS

m 0.035

T 30.0

a 0.0

b 1.0

Outstanding
Principal Fraction

1.0

Cash-Flow
Discretization

Interval
1/12 year

MC1
Number of Paths 100,000

Method
Multivariate

Normal Sampling

MC2

Number of Paths 500,000

∆t 1/48 year

Method
Euler–Maruyama

Method
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In particular, when the zero-yield curve is flat, EQ [r(t)] → R+ σ2
r

2a2r
as t → +∞. Thus, in the long-run

limit, the expected short rate exceeds the zero yield R by σ2
r

2a2r
, reflecting the uncertainty arising from

interest rate fluctuations. Figure 1 shows that the timing of positive prepayments arising from the
interest-rate-dependent component varies across sample paths, depending on when the short rate r(t)
falls below the threshold rflr(t). Furthermore, the relative levels of EQ [r(t)] and rflr(t) suggest that,
under the parameter settings used in the figure, positive prepayments arising from the interest-rate-
dependent component tend to occur more frequently at shorter horizons and less frequently at longer
horizons. Although we adopt the one-factor Hull–White model in this paper, under more general
affine term structure models, the option can also be interpreted as an option whose payoff is given by
the time integral of put-type payoffs written on the short rate.

In the following numerical analysis, as shown in Table 1, we assume a flat initial zero-yield curve
at time 0, with zero yields constant across maturities, so that D(0, t) = exp(−Rt). Changes in R
are interpreted as parallel shifts of the entire initial zero-yield curve, while holding all other model
parameters fixed. Therefore, changes in R affect not only the discount factor D(0, t) but also r(0) = R,
the drift term ϑ(t) of the Hull–White model, the distribution of the 10-year zero yield R10(t), and
rflr(t), in a manner consistent with the initial term structure. Consequently, the derivatives of MBS
prices with respect to R considered below do not merely capture the effects of changes in discount
rates, as in conventional fixed-rate bonds with predetermined future cash flows. In this paper, the
interest-rate-dependent prepayment rate λr(t) depends on interest rates through R10(t). Thus, changes
in R affect the prepayment rate and, consequently, the future cash flows of the MBS itself, including
prepaid principal and subsequent principal and interest payments. Therefore, the first and second
derivatives of MBS prices with respect to R capture not only the price effects arising from changes
in discount factors but also those arising from changes in future cash flows through interest-rate-
dependent prepayments.

Furthermore, in the following numerical analysis, we compare two different settings for the mean-
reversion level ȳ of the refinancing sensitivity y(t) to examine how MBS prices and their interest
rate sensitivities change with the magnitude of the effects of interest-rate-dependent prepayments.
Specifically, we use ȳ = 1.0, as shown in Table 1, as the baseline case and additionally analyze the case
of ȳ = 5.0. A higher ȳ leads, on average, to a higher interest-rate-dependent prepayment rate λr(t)
when the refinancing incentive is positive. Therefore, the case of ȳ = 5.0 represents a setting in which
the effects of interest-rate-dependent prepayments are stronger than those in the case of ȳ = 1.0. By
comparing these two settings, we examine how the relative contributions of the individual MBS price
components change as the effects of interest-rate-dependent prepayments become stronger, and how
these changes give rise to characteristic MBS interest rate sensitivities, such as duration shortening
and negative convexity.

Under this setting, we define the duration D(t, T ) and convexity C(t, T ), which measure the sen-
sitivities of the MBS price V (t, T ) to the zero yield R, as follows:

D(t, T ) :=− 1

V (t, T )

∂V

∂R
(t, T ),

C(t, T ) := 1

V (t, T )

∂2V

∂R2
(t, T ).

Using the price decomposition given in Equation (51), we define D(2)(t, T ) as an approximation to
MBS duration, which can be decomposed into the contributions of the individual price components
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as follows:

D(2)(t, T ) :=− 1

V (2)(t, T )

∂V (2)

∂R
(t, T )

=
V0(t, T )

V (2)(t, T )
D0(t, T ) +

V
(2)
r (t, T )

V (2)(t, T )
D(2)

r (t, T )− V
(2)
op (t, T )

V (2)(t, T )
D(2)

op (t, T ), (59)

where D0(t, T ) :=− 1

V0(t, T )

∂V0

∂R
(t, T ),

D(2)
r (t, T ) :=− 1

V
(2)
r (t, T )

∂V
(2)
r

∂R
(t, T ),

D(2)
op (t, T ) :=− 1

V
(2)
op (t, T )

∂V
(2)
op

∂R
(t, T ).

Each term on the right-hand side of Equation (59) is expressed as the product of the duration of an
individual price component and its relative weight in the total MBS price. Therefore, changes in each
term reflect not only changes in the duration of the corresponding price component itself but also
changes in its price weight relative to the total MBS price. In the following, we interpret these terms
as the contributions of the individual price components to MBS duration and examine how they vary
with the interest rate level.

Similarly, we define C(2)(t, T ) as an approximation to MBS convexity as follows:

C(2)(t, T ) :=
1

V (2)(t, T )

∂2V (2)

∂R2
(t, T )

=
V0(t, T )

V (2)(t, T )
C0(t, T ) +

V
(2)
r (t, T )

V (2)(t, T )
C(2)
r (t, T )− V

(2)
op (t, T )

V (2)(t, T )
C(2)
op (t, T ), (60)

where C0(t, T ) :=
1

V0(t, T )

∂2V0

∂R2
(t, T ),

C(2)
r (t, T ) :=

1

V
(2)
r (t, T )

∂2V
(2)
r

∂R2
(t, T ),

C(2)
op (t, T ) :=

1

V
(2)
op (t, T )

∂2V
(2)
op

∂R2
(t, T ).

Similarly, each term on the right-hand side of Equation (60) is expressed as the product of the convexity
of an individual price component and its price weight, reflecting changes in both. In the following,
we interpret these terms as the contributions of the individual price components to the overall MBS
convexity and examine how they vary with the interest rate level. Note that the duration and convexity
of each individual price component are defined only when the corresponding price is nonzero. Even
when the price of a component is zero, its contribution can be evaluated directly using the following
expressions, provided that V (2)(t, T ) > 0:

D(2) =− ∂RV0

V (2)
− ∂RV

(2)
r

V (2)
+

∂RV
(2)
op

V (2)
, (61)

C(2) =
∂2
RV0

V (2)
+

∂2
RV

(2)
r

V (2)
−

∂2
RV

(2)
op

V (2)
.

Here, the arguments (t, T ) have been omitted for notational simplicity. In particular, a necessary and
sufficient condition for negative convexity is

∂2
RV

(2)
op (t, T ) > ∂2

RV0(t, T ) + ∂2
RV

(2)
r (t, T ) (62)
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This condition compares the second-order sensitivities of the price components rather than their
price levels or first-order sensitivities. Since the second component also incorporates the reduction in

outstanding principal through Z
(2)
r , the signs of its contributions to duration and convexity are not

necessarily fixed. In the following numerical analysis, we use the Pathwise method to evaluate duration
and convexity by Monte Carlo simulation. Details of this method are provided in Appendix E. For
the expressions used to evaluate duration and convexity analytically in an approximate form, see
Appendix F.

Table 2 compares MBS prices obtained from the closed-form approximation and Monte Carlo
simulation. Table 2 shows that, for both values of ȳ, the relative deviations of the approximations

Table 2: Comparison of MBS prices obtained from the closed-form approximations using up to
the first and second cumulants and from Monte Carlo simulation. V (1) and V (2) denote MBS prices
obtained from the closed-form approximations using up to the first and second cumulants, respec-
tively, while VMC denotes the MBS price evaluated by Monte Carlo simulation. Relative devia-
tions 1 and 2 are defined as 100(V (1) − VMC)/VMC and 100(V (2) − VMC)/VMC, respectively. We
set R ∈ {0.000, 0.005, · · · , 0.070}, and use the other parameters given in Table 1.

R−m V (1) V (2) VMC Relative deviation 1 (%) Relative deviation 2 (%)

ȳ = 1

−0.035 1.16927 1.16942 1.17063 −0.11609 −0.10323

−0.030 1.14359 1.14373 1.14475 −0.10118 −0.08978

−0.025 1.11827 1.11838 1.11924 −0.08639 −0.07645

−0.020 1.09330 1.09339 1.09409 −0.07196 −0.06348

−0.015 1.06870 1.06877 1.06932 −0.05826 −0.05123

−0.010 1.04448 1.04454 1.04495 −0.04563 −0.04000

−0.005 1.02067 1.02072 1.02102 −0.03448 −0.03018

0.000 0.99732 0.99735 0.99757 −0.02478 −0.02168

0.005 0.97448 0.97450 0.97465 −0.01702 −0.01495

0.010 0.95219 0.95221 0.95230 −0.01132 −0.01004

0.015 0.93050 0.93051 0.93057 −0.00729 −0.00654

0.020 0.90941 0.90942 0.90946 −0.00451 −0.00411

0.025 0.88895 0.88895 0.88897 −0.00258 −0.00237

0.030 0.86910 0.86910 0.86911 −0.00135 −0.00124

0.035 0.84985 0.84985 0.84985 −0.00070 −0.00065

ȳ = 5

−0.035 1.12638 1.12793 1.13346 −0.62403 −0.48781

−0.030 1.10958 1.11105 1.11578 −0.55580 −0.42461

−0.025 1.09202 1.09339 1.09735 −0.48588 −0.36135

−0.020 1.07367 1.07492 1.07815 −0.41514 −0.29913

−0.015 1.05454 1.05565 1.05819 −0.34511 −0.23980

−0.010 1.03466 1.03562 1.03754 −0.27748 −0.18540

−0.005 1.01415 1.01493 1.01633 −0.21462 −0.13829

0.000 0.99317 0.99375 0.99473 −0.15729 −0.09832

0.005 0.97194 0.97234 0.97300 −0.10923 −0.06748

0.010 0.95070 0.95095 0.95139 −0.07251 −0.04539

0.015 0.92965 0.92980 0.93008 −0.04610 −0.02985

0.020 0.90895 0.90903 0.90921 −0.02801 −0.01895

0.025 0.88870 0.88875 0.88884 −0.01578 −0.01105

0.030 0.86897 0.86899 0.86904 −0.00818 −0.00584

0.035 0.84978 0.84979 0.84982 −0.00419 −0.00309
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using up to the first and second cumulants decrease as R−m increases. This is likely because a higher
R − m reduces the contribution of the interest-rate-dependent component of the prepayment rate,
thereby limiting the effects of the approximation. Furthermore, for both values of ȳ and across all
values of R−m, the absolute relative deviations of the approximation using up to the second cumulant
are smaller than those of the approximation using only the first cumulant. These results indicate that
incorporating the second cumulant improves the approximation accuracy, consistent with the expected
improvement from including higher-order terms.

5.2 Decomposition of MBS Prices

In this subsection, we numerically examine the contributions of the individual price components to
the overall MBS price, based on the price decomposition given in Equation (26) and its second-
order cumulant approximation in Equation (51). In particular, we investigate how the component
corresponding to interest-rate-independent cash flows, the component representing the present value of
principal repaid through interest-rate-dependent prepayments, and the option component reflecting the
reduction in future cash flows due to prepayments vary with the interest rate level and the magnitude
of interest-rate-dependent prepayments. This allows us to distinguish the different effects of increased
prepayments resulting from declining interest rates on MBS prices.

Figures 2 and 3 show the decomposition of MBS prices based on Equation (26) for ȳ = 1.0 and
ȳ = 5.0, respectively. Here, we define the residual price component Vres(t, T ), which is not captured
by the approximation, as Vres(t, T ) := VMC(t, T )− V (2)(t, T ).

Figures 2 and 3 show that, for both values of ȳ, the sum of the first and second components,

V0(t, T ) + V
(2)
r (t, T ), and the third component, V

(2)
op (t, T ), both increase as the interest rate level

R decreases. Since the MBS price is represented as the net amount obtained by subtracting the
latter from the former, the increase in the sum of the first and second components resulting from
declining interest rates is partially offset by the increase in the third component, which reflects the
reduction in future cash flows due to prepayments. Furthermore, as the interest rate level increases,
the contributions of both interest-rate-dependent prepayment components diminish, and the MBS
price approaches the first component, V0(t, T ).

Next, focusing on the differences in ȳ, we observe that, compared with ȳ = 1.0, the positive
contribution of the second component and the negative contribution of the third component are both
larger in the low-interest-rate region when ȳ = 5.0. In particular, at the same low interest rate
level, the increase in the third component associated with a higher ȳ exceeds the increase in the
sum of the first and second components. Consequently, the MBS price is lower for ȳ = 5.0 than for
ȳ = 1.0. This indicates that an increase in interest-rate-dependent prepayments not only increases
the second component, which corresponds to accelerated principal repayments, but also increases the
third component, which reflects the reduction in future cash flows.

Furthermore, when ȳ = 5.0, the increase in the MBS price resulting from declining interest rates
gradually diminishes in the low-interest-rate region, and the black curve representing the MBS price
exhibits a shape consistent with a negative second derivative with respect to the interest rate level
R. This suggests that the interest rate sensitivity of the option value corresponding to the third
component has a substantial influence on the curvature of the MBS price, giving rise to negative
convexity. However, the occurrence of negative convexity cannot be determined solely by comparing
the levels or first-order sensitivities of the individual price components. Therefore, a quantitative
analysis of the sign of convexity and the second-order sensitivities of the individual components is
presented in Section 5.4.

5.3 Decomposition of MBS Duration

In this subsection, we decompose MBS duration into the contributions of the individual price com-
ponents, based on the MBS price decomposition presented in the preceding subsection. In particular,
we examine how the component corresponding to interest-rate-independent cash flows, the component
representing the present value of principal repaid through interest-rate-dependent prepayments, and
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Figure 2: Decomposition of MBS prices based on Equation (26) for ȳ = 1.0. We set R ∈
{0.000, 0.005, · · · , 0.070}. The other parameters are based on those in Table 1, except that we set
Zc(t, v) ≡ 1 to focus on the interest rate dependence of MBS prices. The thick black solid line and
black markers represent V (t, T ) evaluated using Equations (10)–(16), with the expectations on the
right-hand sides of Equations (8) and (16) evaluated by Monte Carlo simulation. The blue, orange,

and green shaded areas represent V0(t, T ), V
(2)
r (t, T ), and V

(2)
op (t, T ), respectively, evaluated using

the approximate closed-form expressions given in Equations (51)–(57). The orange markers represent

V0(t, T ) + V
(2)
r (t, T ). The gray dashed line represents the second-order cumulant approximation of

the MBS price constructed from these components, V (2)(t, T ) := V0(t, T ) + V
(2)
r (t, T ) − V

(2)
op (t, T ).

The thin black solid line and black markers represent the residual calculated as V
(2)
res (t, T ) :=

VMC(t, T ) − V (2)(t, T ). This residual includes sampling errors and time discretization errors asso-
ciated with Monte Carlo evaluation, in addition to approximation errors.
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Figure 3: Decomposition of MBS prices based on Equation (26) for ȳ = 5.0. All other conditions are
the same as those in Figure 2.
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the option component reflecting the reduction in future cash flows due to prepayments each contribute
to the overall MBS duration. This allows us to investigate which price components and their interest
rate sensitivities are responsible for the characteristic shortening of MBS duration as interest rates
decline.

Figures 4 and 5 show the decomposition of the approximate MBS duration D(2)(t, T ), obtained
using the cumulant expansion up to the second order, into individual contributions based on Equa-
tion (59), for ȳ = 1.0 and ȳ = 5.0, respectively.
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Figure 4: Decomposition of MBS duration into individual contributions based on Equation (59)
and comparison with Monte Carlo results for ȳ = 1.0. The black solid line (black markers) rep-
resents the duration DMC(t, T ) evaluated using the Pathwise Monte Carlo method with exact con-
ditional Gaussian sampling (see Appendix E.1), while the gray dashed line represents the duration
D(2)(t, T ) obtained from the second-order cumulant approximation. The blue, orange, and green mark-
ers represent the contributions of the respective terms on the far right-hand side of Equation (59),
evaluated using analytical expressions based on the second-order cumulant approximation. We set
R ∈ {0.000, 0.005, · · · , 0.070}, and use the other parameters given in Table 1.

Figures 4 and 5 show that, for both values of ȳ, the first and second components make positive
contributions to MBS duration, whereas the third component makes a negative contribution. In
particular, as the interest rate level R decreases, both the positive contribution of the first component
and the absolute magnitude of the negative contribution of the third component increase. Thus, the
change in overall MBS duration resulting from declining interest rates is determined by the sum of
these contributions, with the negative contribution of the third component acting to offset the increase
in duration.

Next, focusing on the differences in ȳ, we observe a nonmonotonic relationship when ȳ = 1.0, with
MBS duration initially increasing as interest rates decline and then decreasing in the low-interest-rate
region. In contrast, when ȳ = 5.0, the shortening of MBS duration as interest rates decline is more
pronounced. In particular, in the low-interest-rate region, although the positive contribution of the
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Figure 5: Decomposition of MBS duration into individual contributions based on Equation (59) and
comparison with Monte Carlo results for ȳ = 5.0. All other conditions, including the line styles and
color conventions, are the same as those in Figure 4.

33



second component is larger than that for ȳ = 1.0, the absolute magnitude of the negative contribution
of the third component increases by an even greater amount. Consequently, the overall MBS duration
in the low-interest-rate region is substantially shorter for ȳ = 5.0 than for ȳ = 1.0. This indicates that,
when refinancing sensitivity is high, the interest rate sensitivity of the option component, which reflects
the reduction in future cash flows due to prepayments, contributes substantially to the shortening of
overall MBS duration.

Furthermore, for both values of ȳ, the duration D(2)(t, T ) obtained from the second-order cumulant
approximation closely agrees with the duration DMC(t, T ) evaluated using the Pathwise Monte Carlo
method. These results indicate that, under the present parameter settings, the second-order cumulant
approximation accurately captures the first-order interest rate sensitivity of MBS prices.

The first term in Equation (59) corresponds to the interest rate sensitivity of V0(t, T ), whose un-
derlying cash flows are independent of interest rates. The second term corresponds to the sensitivity
of principal payments arising from interest-rate-dependent prepayments, while the third term corre-
sponds to the sensitivity of the option component reflecting the reduction in future cash flows due to
prepayments. From Equation (61), the second term makes a positive contribution to duration when

V
(2)
r (t, T ) decreases as interest rates rise, whereas the third term makes a negative contribution when

V
(2)
op (t, T ) decreases as interest rates rise. However, since the second term incorporates both changes in

the prepayment rate and reductions in outstanding principal resulting from earlier prepayments, the
sign of its duration contribution is not determined in general. Furthermore, the duration contribution
of each component is the product of its corresponding price weight and its own duration, with a nega-
tive sign applied to the third component. Therefore, changes in these contributions cannot be inferred
solely from changes in their price weights. This decomposition allows us to interpret the shortening of
overall MBS duration as interest rates decline in terms of the interest rate sensitivities associated with
both accelerated principal repayments and the reduction in future cash flows. This result is also con-
sistent with the qualitative explanation that prepayments accelerate principal repayments and shorten
the average time to receive cash flows (Hanson 2014).

5.4 Decomposition of MBS Convexity

In this subsection, we decompose MBS convexity into the contributions of the individual price com-
ponents, based on the MBS price decomposition. In particular, we examine how the component
corresponding to interest-rate-independent cash flows, the component representing the present value
of principal repaid through interest-rate-dependent prepayments, and the option component reflecting
the reduction in future cash flows due to prepayments each contribute to the overall MBS convexity.
This allows us to investigate which price components and their second-order interest rate sensitivities
are responsible for the negative convexity characteristic of MBSs.

Figures 6 and 7 show the decomposition of the approximate MBS convexity C(2)(t, T ), obtained
using the cumulant expansion up to the second order, into individual contributions based on Equa-
tion (60), for ȳ = 1.0 and ȳ = 5.0, respectively.

Figures 6 and 7 show that, for both values of ȳ, the first component makes a positive contribution
to MBS convexity, whereas the third component makes a negative contribution. In contrast, the
contribution of the second component depends on the interest rate level and ȳ. While it is positive
across all interest rate levels when ȳ = 1.0, it becomes negative in part of the low-interest-rate
region when ȳ = 5.0. Furthermore, as the interest rate level increases, the absolute magnitudes of
the contributions from the second and third components decrease, and the overall MBS convexity
approaches the contribution of the first component.

Next, focusing on the differences in ȳ, we observe that, when ȳ = 1.0, the overall MBS convexity
remains positive across all interest rate levels, because the sum of the positive contributions from the
first and second components exceeds the absolute magnitude of the negative contribution from the
third component. In contrast, when ȳ = 5.0, the overall MBS convexity becomes negative in the low-
interest-rate region. In particular, for R−m ranging approximately from −1.0% to 0.0%, the absolute
magnitude of the negative contribution from the third component exceeds the sum of the positive
contributions from the first and second components. This corresponds to the condition expressed in
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Figure 6: Decomposition of MBS convexity into individual contributions based on Equation (60)
and comparison with Monte Carlo results for ȳ = 1.0. The black solid line (black markers) rep-
resents the convexity CMC(t, T ) evaluated using the Pathwise Monte Carlo method with exact con-
ditional Gaussian sampling (see Appendix E.2), while the gray dashed line represents the convexity
C(2)(t, T ) obtained from the second-order cumulant approximation. The blue, orange, and green mark-
ers represent the contributions of the respective terms on the far right-hand side of Equation (60),
evaluated using analytical expressions based on the second-order cumulant approximation. We set
R ∈ {0.000, 0.005, · · · , 0.070}, and use the other parameters given in Table 1.
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Figure 7: Decomposition of MBS convexity into individual contributions based on Equation (60) and
comparison with Monte Carlo results for ȳ = 5.0. All other conditions, including the line styles and
color conventions, are the same as those in Figure 6.

36



Equation (62), under which the second-order interest rate sensitivity of the option component exceeds
the sum of the second-order sensitivities of the other components. Therefore, in this region, the
second-order interest rate sensitivity of the option component, which reflects the reduction in future
cash flows due to prepayments, plays a crucial role in generating negative convexity.

Furthermore, when ȳ = 5.0, the convexity contribution of the second component itself becomes
negative in the extremely low-interest-rate region. In contrast, in this region, the absolute magnitude
of the negative contribution from the third component is smaller than at higher interest rate levels.
Therefore, the occurrence of negative convexity cannot be explained solely by an increase in the neg-
ative contribution from the third component. Since the second component incorporates both changes
in the prepayment rate and reductions in outstanding principal resulting from earlier prepayments,
the sign of its second-order interest rate sensitivity is not determined in general. Moreover, the nega-
tive contribution from the third component varies nonmonotonically with the interest rate level, and
its absolute magnitude does not necessarily increase as interest rates decline. These results indicate
that the mechanism underlying negative convexity depends on the interest rate level and refinancing
sensitivity.

Furthermore, when ȳ = 1.0, the convexity C(2)(t, T ) obtained from the second-order cumulant
approximation closely agrees with the convexity CMC(t, T ) evaluated using the Pathwise Monte Carlo
method. In contrast, when ȳ = 5.0, although the two methods yield broadly consistent results regard-
ing the interest rate dependence and sign changes of convexity, noticeable discrepancies are observed
in the low-interest-rate region.

The first term in Equation (60) represents the second-order interest rate sensitivity of V0(t, T ),
which corresponds to interest-rate-independent cash flows, and makes a positive contribution to con-
vexity, as in the case of a conventional bond. The second term represents the second-order interest rate

sensitivity of V
(2)
r (t, T ), which corresponds to the present value of principal repaid through interest-

rate-dependent prepayments. This component incorporates both changes in the prepayment rate and
reductions in outstanding principal resulting from earlier prepayments. On the other hand, the third
term represents the negative of the second-order interest rate sensitivity of the option component

V
(2)
op (t, T ), which reflects the reduction in future cash flows due to prepayments. Since the signs of

the convexity contributions from the second and third components are not determined in general by
the decomposition alone, the occurrence of negative convexity must be assessed by evaluating these
contributions jointly and applying the condition given in Equation (62).

Finally, we examine the relationship between the shortening of duration and negative convexity.
From the definitions of duration and convexity, the following relationship holds:

∂D(2)(t, T )

∂R
=
(
D(2)(t, T )

)2
− C(2)(t, T ).

Therefore, when C(2)(t, T ) < 0, we have ∂RD(2)(t, T ) > 0, implying that duration shortens as interest
rates decline. More generally, however, duration shortens whenever C(2)(t, T ) < (D(2)(t, T ))2. Thus,
negative convexity is a sufficient but not a necessary condition for the shortening of duration. This
relationship connects the shortening of duration observed in the preceding subsection with the sign of
convexity examined in this subsection and is important for understanding the characteristic interest
rate sensitivities of MBSs arising from prepayments (e.g., Anderson, Barber, and Chang 1993; Hanson
2014; Malkhozov et al. 2016).

Note that discrepancies between the convexity obtained from the second-order cumulant approxi-
mation and that evaluated using the Pathwise Monte Carlo method are observed, particularly in the
low-interest-rate region when ȳ = 5.0. Therefore, in the subsequent numerical analysis of the parame-
ter regions where the sign of convexity changes, we use the results obtained from the Pathwise Monte
Carlo method to avoid the effects of approximation errors.
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6 Phase Diagrams and Nonmonotonic Interest-Rate Dependence of
MBS Convexity

In this section, we use phase diagrams of MBS convexity with respect to the interest rate level and
refinancing sensitivity to identify the parameter regions in which negative convexity occurs and exam-
ine the nonmonotonic dependence of convexity on the interest rate level. In Section 6.1, we construct
phase diagrams of convexity with respect to the interest rate level R and the initial refinancing sen-
sitivity y(0) to numerically identify the boundaries at which the sign of convexity changes. We also
investigate how the long-run mean ȳ of refinancing sensitivity affects the regions in which negative
convexity occurs. In Section 6.2, we focus on the fact that the absolute magnitude of negative convex-
ity does not necessarily increase monotonically as interest rates decline and examine the mechanism
underlying this nonmonotonicity using a simplified model incorporating prepayments.

6.1 Convexity Phase Diagrams and Sign Boundaries

In this subsection, we use phase diagrams with respect to the interest rate level and refinancing
sensitivity to identify the boundaries at which the sign of MBS convexity changes and examine how
these boundaries depend on the initial value and long-run mean of refinancing sensitivity.

Figure 8 presents phase diagrams of MBS convexity with respect to the interest rate level R and
the initial refinancing sensitivity y(0). By comparing the four cases with ȳ = 1, 5, 10, 20, we examine
the parameter regions in which the sign of convexity changes and how these regions depend on the
long-run mean of refinancing sensitivity.

First, for all values of ȳ, negative convexity tends to occur more frequently as the interest rate
level R declines. This tendency can be attributed to the acceleration of prepayments as declining
interest rates increase refinancing incentives. For straight bonds, a decline in interest rates raises
prices through a reduction in discount rates. In contrast, for MBSs, prepayments reduce future cash
flows, thereby limiting the increase in MBS prices. Consequently, as the interest rate level declines,
the negative contribution to convexity arising from prepayments becomes relatively more pronounced,
causing overall convexity to turn from positive to negative.

Next, we observe that the parameter region in which negative convexity occurs expands as the
long-run mean of refinancing sensitivity ȳ increases. In particular, the shape of the solid black lines,
which indicate the boundaries where CMC(0, T ) = 0, shows that these boundaries generally shift toward
higher interest rate levels as ȳ increases. When ȳ = 1, positive convexity is maintained even at low
interest rate levels provided that y(0) is sufficiently small. In contrast, when ȳ = 5, 10, 20, negative
convexity occurs even for small values of y(0), and the interest rate level at which the sign of convexity
changes increases with ȳ.

Furthermore, the shape of the zero-convexity boundary also varies with ȳ. When ȳ = 1, the
zero-convexity boundary shifts substantially toward higher interest rate levels as y(0) increases. In
contrast, when ȳ = 10, 20, the zero-convexity boundary is nearly vertical for relatively small values of
y(0), and its location is relatively insensitive to y(0). This difference can be explained by the mean-
reversion level of refinancing sensitivity y(t). In our model, EQ[y(u) | Ft] = ȳ + (y(t) − ȳ)e−κy(u−t)

holds. Therefore, even when the initial value y(0) is small, a large long-run mean ȳ causes future
refinancing sensitivity to revert toward a high level. As a result, the reduction in future cash flows due
to prepayments has a substantial impact on convexity. These results suggest that the sign of MBS
convexity depends strongly not only on the current refinancing sensitivity but also on its long-run
mean.

Furthermore, negative convexity occurs even at interest rate levels above R = m. Since we set
a = 0 and b = 1 in this study, and the initial zero-yield curve is assumed to be flat, the refinancing
incentive at the initial time is absent when R > m. However, even in this case, future declines in
interest rates may generate refinancing incentives. Therefore, even when the refinancing option is
out of the money at the initial time, prepayment risk arising from future interest rate fluctuations
can affect MBS convexity. Indeed, Figure 8 shows that negative convexity occurs even in the region
R > m, particularly when ȳ is large.
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ȳ = 1 ȳ = 5

0 1 2 3 4 5 6 7

R (%)

10−2

10−1

100

101

50

y
(0

)
(l

og
sc

al
e)
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Figure 8: Phase diagrams of MBS convexity with respect to the interest rate level R and the
initial refinancing sensitivity y(0). The four panels correspond to the long-run means of refinancing
sensitivity ȳ = 1, 5, 10, 20. The horizontal axis represents the interest rate level R, while the vertical
axis represents y(0) on a logarithmic scale, with R ∈ [0, 0.07] and y(0) ∈ [10−2, 50]. Convexity
CMC(0, T ) is evaluated using the Pathwise Monte Carlo method. Red indicates positive convexity and
blue indicates negative convexity, with color intensity reflecting the absolute magnitude of convexity.
The solid black lines indicate the boundaries at which CMC(0, T ) = 0. We set m = 0.035, and all other
parameters are specified as in Table 1. The vertical gray dotted line indicates R = m.
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6.2 Nonmonotonic Interest-Rate Dependence of MBS Convexity

In the previous subsection, we confirmed that the sign of MBS convexity varies with the interest rate
level and refinancing sensitivity. In this subsection, we focus on the fact that the magnitude of negative
convexity is not necessarily monotonic with respect to the interest rate level.

When refinancing sensitivity is high, convexity turns from positive to negative as interest rates
decline. However, as interest rates decline further, the absolute magnitude of negative convexity tends
to decrease. This can be interpreted as follows: when the refinancing option becomes deep in the
money, prepayments occur substantially earlier, leaving less room for further declines in interest rates
to accelerate future cash flows.

This property can be explained using a simplified continuous-time model. Consider a perpetual
bond with a constant interest rate level R and a constant prepayment intensity λ, which pays a
coupon at a constant rate m until prepayment occurs, at which time the principal amount of 1
is repaid. The bond price is then given by V (R) = (m + λ)/(R + λ). Suppose that refinancing
sensitivity is a constant y > 0 and that λ = y(m − R)+. For R < m, the bond price becomes
V (R) = {m+ y(m−R)}/{R+ y(m−R)}, and its second derivative with respect to the interest rate
level is given by

∂2V (R)

∂R2
= − 2m(y − 1)

{R+ y(m−R)}3
. (63)

Equation (63) shows that convexity is negative when y > 1. However, as R declines, the denominator
increases, and hence the absolute magnitude of negative convexity decreases. Since the bond price
V (R) is positive, the same property holds for normalized convexity. Therefore, when refinancing
sensitivity is high, the phenomenon in which negative convexity emerges as interest rates decline,
but subsequently decreases in absolute magnitude as rates decline further, can be understood as a
reduction in interest rate sensitivity resulting from the acceleration of prepayments. However, because
this simplified model does not account for stochastic interest rate fluctuations or the mean-reverting
behavior of refinancing sensitivity, it does not provide an exact derivation of the numerical results
shown in Figure 8.

These results demonstrate that negative MBS convexity is not determined solely by the presence
of a prepayment option, but rather by the interaction among the interest rate level, the initial value
of refinancing sensitivity, and its long-run mean. In particular, the phase diagrams presented in this
study identify the parameter regions in which negative convexity occurs and numerically characterize
the corresponding boundaries and the nonlinear dependence of convexity on the interest rate level.

7 Conclusion and Discussion

This paper investigates why negative convexity arises in pass-through MBSs backed by fixed-rate
mortgages and under what conditions it occurs. Specifically, we examine the mechanism underlying
negative convexity by decomposing MBS prices and interest rate sensitivities into their constituent
components. We also identify the conditions under which negative convexity occurs and characterize
its dependence on the interest rate level using phase diagrams of convexity with respect to the interest
rate level and refinancing sensitivity.

First, under a prepayment process that responds nonlinearly to interest rates, we decomposed
the MBS price into three components: the present value of interest-rate-independent cash flows, the
present value of principal repaid early through interest-rate-dependent prepayments, and an interest
rate option component reflecting the reduction in future cash flows due to prepayments. Furthermore,
we showed that, under a first-order approximation, the second component can be interpreted as a
portfolio of interest rate options resembling floorlets, while the third component can be interpreted as
a portfolio of Asian-style interest rate options. This decomposition allows us to distinguish the effects
of interest-rate-dependent prepayments on MBS prices between the present value of principal repaid
early and the present value of future cash flows lost as a result of those prepayments.
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Next, to analytically evaluate the interest rate sensitivities of the individual price components, we
applied a cumulant expansion to the expectations arising in MBS valuation and derived closed-form
approximations under the one-factor Hull–White model. Our valuation method is also applicable when
the sensitivity of prepayment rates to refinancing incentives is itself stochastic. The numerical analysis
confirmed that including the second cumulant improves the accuracy of the MBS price approximation
relative to the approximation based only on the first cumulant. These results enable an approximate
analytical evaluation of the interest rate sensitivities of the individual price components, even under
a nonlinear prepayment process.

Based on this price decomposition, we decomposed MBS duration and convexity into the contri-
butions of the individual price components. In particular, under the second-order cumulant approx-
imation, we expressed the necessary and sufficient condition for negative convexity as an inequality
requiring that the second-order interest rate sensitivity of the option component reflecting the re-
duction in future cash flows due to prepayments exceeds the sum of the corresponding sensitivities
of the other price components. We also confirmed that the sign of the convexity contribution from
the component corresponding to the present value of principal repaid through interest-rate-dependent
prepayments is not necessarily fixed and can become negative depending on the interest rate level
and refinancing sensitivity. Thus, negative MBS convexity cannot be explained solely by the negative
contribution of the prepayment option, but is determined by the relative magnitudes of the second-
order interest rate sensitivities of the individual price components. This result provides an analytical
framework for understanding the mechanism underlying negative convexity in terms of the constituent
components of MBS prices.

Furthermore, using phase diagrams of convexity with respect to the interest rate level R and the
initial refinancing sensitivity y(0), we numerically identified the parameter regions in which negative
convexity occurs and the corresponding sign boundaries. The results confirmed that negative convexity
becomes more likely as interest rates decline and that the region of negative convexity expands as the
long-run mean of refinancing sensitivity ȳ increases. In particular, when ȳ is large, negative convexity
occurs even for small initial values of y(0), and the sign boundary becomes relatively insensitive to y(0).
This can be attributed to the mean-reverting behavior of refinancing sensitivity, which allows future
prepayments to have a substantial impact on MBS interest rate sensitivities even when refinancing
sensitivity is initially low. These findings suggest that the sign of MBS convexity depends strongly
not only on current refinancing sensitivity but also on its long-run mean.

We also confirmed that negative convexity can occur even when the initial interest rate level
R exceeds the mortgage rate m and no refinancing incentive exists at the initial time. This can
be interpreted as reflecting the possibility that future declines in interest rates generate refinancing
incentives, which affect MBS interest rate sensitivities even at the initial time. Therefore, the fact
that the refinancing option is out of the money at the initial time does not necessarily imply that
MBS convexity is positive. This result highlights the importance of considering not only the initial
refinancing incentive but also the possibility of future prepayments arising from subsequent interest
rate movements when examining the conditions under which negative convexity occurs.

Moreover, when refinancing sensitivity is high, we observed that convexity turns from positive to
negative as interest rates decline, but the absolute magnitude of negative convexity tends to decrease
as interest rates decline further. Using a simplified model with a constant interest rate level and
a constant prepayment intensity, we analytically demonstrated that, when refinancing sensitivity is
sufficiently high, the absolute magnitude of negative convexity decreases as interest rates decline. This
can be interpreted as follows: when refinancing incentives increase and prepayments occur substantially
earlier, there is less room for further declines in interest rates to accelerate future cash flows. Thus, even
after negative convexity emerges as interest rates decline, its absolute magnitude does not necessarily
increase monotonically with further declines in interest rates. However, because this simplified model
does not account for stochastic interest rate fluctuations or the mean-reverting behavior of refinancing
sensitivity, it does not provide an exact derivation of the numerical results shown in the phase diagrams.

Overall, this paper elucidated the mechanism underlying negative MBS convexity in terms of the
second-order interest rate sensitivities of the individual price components through a decomposition
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of MBS prices and interest rate sensitivities. Furthermore, using phase diagrams of convexity, we
demonstrated that the regions in which negative convexity occurs depend on the interest rate level,
the initial value of refinancing sensitivity, and its long-run mean. We also confirmed that the absolute
magnitude of negative convexity can exhibit nonmonotonic behavior as interest rates decline. These
results demonstrate that negative MBS convexity is not uniformly determined by the mere presence
of a prepayment option, but arises from the interaction among multiple price effects associated with
prepayments, the interest rate level, and refinancing sensitivity.

We next discuss several limitations of this study and directions for future research.
First, the parameters used in our numerical analysis were chosen to clarify the mechanisms and

conditions underlying negative convexity, and the model was not calibrated to observed MBS market
prices. Since the prepayment process in this paper is formulated under the risk-neutral probability
measure, practical valuation requires calibrating the interest rate model parameters to the interest
rate derivatives market and estimating the prepayment process parameters to be consistent with ob-
served MBS market prices. For example, the cross-section of TBA prices with different coupons and
the market prices of interest-only (IO) and principal-only (PO) securities corresponding to the same
mortgage pool may provide useful information for identifying the interest-rate-independent prepay-
ment component and the sensitivity of prepayments to refinancing incentives. An important direction
for future research is to calibrate the model using such market data, evaluate the accuracy of the
closed-form approximations derived in this paper, and examine the conditions under which negative
convexity occurs under parameters consistent with market prices.

Second, we adopted the one-factor Hull–White model to facilitate analytical tractability. However,
actual yield curve movements are characterized by multiple factors, such as level, slope, and curvature.
Furthermore, while the prepayment intensity in our model depends on refinancing incentives through
the 10-year zero yield, the discounting of MBS cash flows depends on the entire yield curve. Therefore,
extending our framework to the two-factor Hull–White model or other multifactor Gaussian interest
rate models would allow us to analyze negative MBS convexity under more realistic interest rate
dynamics. Even under multifactor Gaussian interest rate models, if zero yields can be expressed as
affine functions of the state variables, the nonlinearity of the prepayment intensity considered in this
paper can be represented as the positive part of a linear combination of Gaussian state variables.
Consequently, the analytical evaluation of the first and second cumulants derived in this paper may
be extended to multifactor models using moments of truncated multivariate normal distributions.

Furthermore, extending the interest rate model to multiple factors is also important for generaliz-
ing the decomposition of interest rate sensitivities presented in this paper to nonparallel yield curve
movements. In our numerical analysis, we defined duration and convexity with respect to the param-
eter R, which shifts the entire initial zero-yield curve in parallel, and decomposed these sensitivities
into the contributions of the individual price components. Under a multifactor interest rate model,
one could instead define first- and second-order price sensitivities with respect to interest rate factors
corresponding to the level, slope, and curvature of the yield curve, and decompose each sensitivity
into the contributions of the individual price components. This would make it possible to quantita-
tively examine how interest rate sensitivities arising from prepayments differ between changes in the
level and slope of the yield curve. In particular, identifying how the conditions for negative convexity
depend on the direction of yield curve movements would be an important extension of our analysis to
a more general framework of interest rate risk.

Third, the prepayment model employed in this paper consists of an interest-rate-independent pre-
payment component and a component that responds nonlinearly to refinancing incentives. However,
actual prepayment behavior is also influenced by factors such as loan age, seasonality, burnout, and
borrower heterogeneity. In particular, when refinancing incentives remain high for an extended period,
borrowers who are more likely to refinance may prepay their mortgages earlier, thereby reducing the
refinancing sensitivity of the remaining mortgage pool. Accounting for such burnout effects and bor-
rower heterogeneity is important not only for understanding changes in prepayments as interest rates
decline, but also for explaining the magnitude of negative convexity and its nonmonotonic dependence
on the interest rate level.
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Incorporating these factors into the prepayment model would allow for more realistic MBS val-
uation and interest rate sensitivity analysis. However, the resulting increase in model complexity
may make it difficult to retain the closed-form approximations and the decomposition of interest rate
sensitivities that characterize our framework. Therefore, another direction for future research is to
examine the extent to which analytical tractability can be preserved while incorporating more realis-
tic prepayment behavior, and to investigate how these additional factors affect the regions in which
negative convexity occurs and the corresponding sign boundaries.
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A Supplementary Derivations for MBS Valuation

In this section, we provide supplementary derivations for MBS valuation, including a proof of Equation (5), which
was omitted from the main text, and the derivation of an analytical expression for Zc(t, s). In Section A.1, we
derive Equations (3)–(5) using a change of measure to the s-forward measure and differentiation of conditional
expectations. In Section A.2, we derive an analytical expression for Zc(t, s), corresponding to the interest-rate-
independent prepayment process, and use it to obtain an analytical expression for the effective prepayment rate
λ̄c(t, s).

A.1 Proof of Equations (3)–(5)

In this subsection, we derive Equations (3)–(5). Using the s-forward probability measure defined in Equation (2),
the expectation on the right-hand side of Equation (1) can be evaluated as follows:

EQ
[
e−

∫ s
t
(r(u)+λ(u))du

(
c+ P̃ (s)λ(s)

)∣∣∣Ft

]
=EQs

[
L(t)

L(s)
e−

∫ s
t
(r(u)+λ(u))du

(
c+ P̃ (s)λ(s)

)∣∣∣∣Ft

]
=EQs

[
D(t, s)e

∫ s
t
r(u)due−

∫ s
t
(r(u)+λ(u))du

(
c+ P̃ (s)λ(s)

)∣∣∣Ft

]
=D(t, s)EQs

[
e−

∫ s
t
λ(u)du

(
c+ P̃ (s)λ(s)

)∣∣∣Ft

]
=D(t, s)

(
cEQs

[
e−

∫ s
t
λ(u)du

∣∣∣Ft

]
+ P̃ (s)EQs

[
e−

∫ s
t
λ(u)duλ(s)

∣∣∣Ft

])
. (64)

Here, we consider Z(s)(t, v), defined in Equation (3) for a fixed cash flow date s. Differentiating with respect to
v while holding s and Qs fixed yields

∂

∂v
Z(s)(t, v) = −EQs

[
λ(v)e−

∫ v
t

λ(u)du
∣∣∣Ft

]
.

Therefore,

− ∂

∂v
lnZ(s)(t, v) =

EQs

[
e−

∫ v
t

λ(u)duλ(v)
∣∣∣Ft

]
EQs

[
e−

∫ v
t

λ(u)du
∣∣∣Ft

] .

Setting v = s yields Equation (4). That is,

EQs

[
e−

∫ s
t
λ(u)duλ(s)

∣∣∣Ft

]
= λ̄Qs(t, s)Z(t, s).

Substituting this expression into Equation (64), we obtain

D(t, s)
(
cZ(t, s) + P̃ (s)λ̄Qs(t, s)Z(t, s)

)
=D(t, s)Z(t, s)

(
c+ P̃ (s)λ̄Qs(t, s)

)
Thus, we obtain Equation (5).
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A.2 Analytical Expression for Zc(t, s)

Zc(t, s) admits the following analytical expression:

Zc(t, s) =e−(Ac(τ)λc(t)+Bc(τ)),

where Ac(τ) :=
sinh(ξτ)

g(τ)
,

Bc(τ) :=
2κλλ̄

σ2
λ

ln

(
g(τ)

ξ exp(κλτ/2)

)
,

g(τ) :=ξ cosh(ξτ) +
κλ

2
sinh(ξτ),

ξ :=
1

2

√
κ2
λ + 2σ2

λ.

Here, τ := s − t. Furthermore, for a fixed time s, the survival-weighted conditional mean of λc(s) under Qs,
given by − ∂

∂v lnZc(t, v)
∣∣
v=s

, also admits the following analytical expression:

− ∂

∂v
lnZc(t, v)

∣∣∣∣
v=s

=
EQs

[
e−

∫ s
t
λc(u)duλc(s)

∣∣∣Ft

]
EQs

[
e−

∫ s
t
λc(u)du

∣∣∣Ft

]
=A′

c(s− t)λc(t) +B′
c(s− t),

where A′
c(τ) =1− κλAc(τ)−

1

2
σ2
λA

2
c(τ),

B′
c(τ) =κλλ̄Ac(τ).

B Supplementary Results for the Hull–White Model

In this section, we present supplementary results for the Hull–White model. First, we derive an expression
for ϑ(t) that ensures that the theoretical discount curve derived from the model matches the market-observed
discount curve. Next, we derive an analytical expression for zero-coupon bond prices and their stochastic
differential equation. Finally, we derive the conditional expectation of the short rate under the risk-neutral
measure.

B.1 Market-Consistent ϑ(t)

In this subsection, we show that if the theoretical discount curve derived from the short-rate process in Equa-
tion (33) matches the market-observed discount curve, then ϑ(t) must satisfy

ϑ(t) = − ∂2

∂t2
lnD(0, t)− ar

∂

∂t
lnD(0, t) +

σ2
r

2ar

(
1− e−2art

)
. (65)

We consider the following ansatz for D(t, T ).

D(t, T ) = EQ
[
e−

∫ T
t

r(u)du
∣∣∣Ft

]
= eAr(τ)−Br(τ)r(t). (66)

Here, τ := T − t. The following process is a Q-martingale.

e−
∫ t
0
r(u)duD(t, T ) = EQ

[
e−

∫ T
0

r(u)du
∣∣∣Ft

]
.

Applying Ito’s formula to D = D(t, r(t)) yields

dD =∂tDdt+ (∂rD)dr +
1

2
(∂2

rD)(dr)2

=

(
∂tD + (ϑ(t)− arr)∂rD +

1

2
σ2
r∂

2
rD

)
dt+ σr(∂rD)dWQ

r (t). (67)

Similarly, applying Ito’s formula to e−
∫ t
0
r(u)duD(t, T ) gives

d
(
e−

∫ t
0
r(u)duD(t, r(t))

)
=e−

∫ t
0
r(u)du

(
∂tD + (ϑ(t)− arr)∂rD +

1

2
σ2
r∂

2
rD − rD

)
dt+ (diffusion term).
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Since e−
∫ t
0
r(u)duD(t, r(t)) is a Q-martingale, the above result implies that D(t, r) satisfies the following partial

differential equation.

∂tD(t, r) + (ϑ(t)− arr)∂rD(t, r) +
1

2
σ2
r∂

2
rD(t, r) = rD(t, r), (68)

D(T, r) = 1.

Substituting the ansatz for D(t, T ) in Equation (66) into the above partial differential equation yields the
following ordinary differential equations.

B′
r(τ) + arBr(τ)− 1 = 0, Br(0) = 0,

A′
r(τ) + ϑ(t)Br(τ)−

1

2
σ2
rB

2
r (τ) = 0, Ar(0) = 0.

The equation for Br(τ) can be solved directly, yielding

Br(τ) =
1− e−arτ

ar
. (69)

The equation for Ar(τ) can also be solved as follows.

Ar(τ) =

∫ τ

0

(
−ϑ(T − τ ′)Br(τ

′) +
1

2
σ2
rB

2
r (τ

′)

)
dτ ′ =

∫ T

t

(
−ϑ(v)Br(T − v) +

1

2
σ2
rB

2
r (T − v)

)
dv. (70)

In the second equality, we applied the change of variables v = T−τ ′. In particular, setting t = 0 in Equation (70)
yields

Ar(T ) =

∫ T

0

(
−ϑ(v)Br(T − v) +

1

2
σ2
rB

2
r (T − v)

)
dv.

The first derivative of Ar(T ) with respect to T is given by

A′
r(T ) =

(
−ϑ(T )Br(0) +

1

2
σ2
rB

2
r (0)

)
+

∫ T

0

(
−ϑ(v)B′

r(T − v) +
1

2
σ2
r · 2Br(T − v)B′

r(T − v)

)
dv (71)

=

∫ T

0

(
−ϑ(v)e−ar(T−v) + σ2

re
−ar(T−v)Br(T − v)

)
dv.

Here, the first line on the right-hand side of Equation (71) represents the boundary term arising from the
dependence of the upper integration limit on T , while the integral term in the second line represents the
contribution arising from the dependence of the integrand on T . Since Br(0) = 0, the boundary term vanishes.
Similarly, the second derivative of Ar(T ) with respect to T is given by

A′′
r (τ) =

(
−ϑ(T ) + σ2

rBr(0)
)

+

∫ T

0

{
− ϑ(v)(−ar)e

−ar(T−v)

+ σ2
r

[
(−ar)e

−ar(T−v)Br(T − v) + e−ar(T−v)e−ar(T−v)
]}

=− ϑ(T ) +

∫ T

0

[
are

−ar(T−v)ϑ(v) + σ2
re

−ar(T−v)
(
−1 + 2e−ar(T−v)

)]
dv.

Using the relation lnD(0, T ) = Ar(T )−Br(T )r(0), we differentiate both sides with respect to T to obtain the
first and second derivatives as follows.

ar
∂

∂T
lnD(0, T ) =arA

′
r(T )− are

−arT r(0),

∂2

∂T 2
lnD(0, T ) =A′′

r (T ) + are
−arT r(0).
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Adding these two equations yields

ar
∂

∂T
lnD(0, T ) +

∂2

∂T 2
lnD(0, T )

=arA
′
r(T ) +A′′

r (T )

=ar

∫ T

0

(
−ϑ(v)e−ar(T−v) + σ2

re
−ar(T−v)Br(T − v)

)
dv

− ϑ(T ) +

∫ T

0

[
are

−ar(T−v)ϑ(v) + σ2
re

−ar(T−v)
(
−1 + 2e−ar(T−v)

)]
dv

=− ϑ(T ) +

∫ T

0

σ2
re

−2ar(T−v)dv

=− ϑ(T ) +
σ2
r

2ar

(
1− e−2arT

)
.

Rearranging the above expression yields Equation (65).

B.2 Zero-Coupon Bond Prices

In this subsection, we show that, when the Hull–White model is consistent with the market-observed discount
curve, the zero-coupon bond price D(t, T ) satisfies the following stochastic differential equation.

dD(t, T )

D(t, T )
= r(t)dt− σrBr(T − t)dWQ

r (t). (72)

We also show that, if the theoretical discount curve derived from the short-rate process in Equation (33) matches
the market-observed discount curve, the zero-coupon bond price D(t, T ) under the Hull–White model is given
by Equations (34)–(36).

First, we establish Equation (72). Substituting Equation (68) into Equation (67), we find that D(t, T )
satisfies

dD(t, T )

D(t, T )
= r(t)dt+ σr(∂r lnD(t, r))dWQ

r (t).

From Equations (66) and (69), we have ∂r lnD(t, r) = −Br(T − t), which establishes Equation (72).
Next, we establish Equations (34)–(36). Since Equations (34) and (36) have already been derived in Ap-

pendix B.1, we focus on deriving Equation (35). Specifically, we establish this expression by substituting
Equation (65) into Equation (70). Let ℓ(v) := lnD(0, v). Then, we obtain∫ T

t

ϑ(v)Br(T − v)dv =

∫ T

t

[
− ∂2ℓ

∂v2
(v)− ar

∂ℓ

∂v
(v) +

σ2
r

2ar
(1− e−2arv)

]
Br(T − v)dv. (73)

Straightforward calculations yield the following three expressions.∫ T

t

∂ℓ

∂v
(v)Br(T − v)dv

=− ℓ(t)Br(T − t) +

∫ T

t

ℓ(v)e−ar(T−v)dv,∫ T

t

∂2ℓ

∂v2
(v)Br(T − v)dv

=− ∂ℓ

∂v
(v = t)Br(T − t) + ℓ(T )− ℓ(t)e−ar(T−t) + ar

∫ T

t

ℓ(v)e−ar(T−v)dv,

−
∫ T

t

σ2
r

2ar
(1− e−2arv)Br(T − v)dv +

∫ T

t

1

2
σ2
rB

2
r (T − v)dv

=− σ2
r

4ar
(1− e−2art)B2

r (T − t).

Substituting these three expressions into Equation (73) and using Equation (70), we obtain Equation (35).
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B.3 Derivation of Equation (58)

In this subsection, we derive Equation (58). First, under the risk-neutral measure Q, the short-rate process r(t)
admits the following solution.

r(u) =e−ar(u−t)r(t) +

∫ u

t

e−ar(u−v)ϑ(v)dv + σr

∫ u

t

e−ar(u−v)dWQ
r (v).

Using Equation (65), the second term on the right-hand side can be evaluated as follows.∫ u

t

e−ar(u−v)ϑ(v)dv

=− ∂

∂u
lnD(0, u) + e−ar(u−t) ∂

∂t
lnD(0, t) +

σ2
r

2ar

∫ u

t

e−ar(u−v)
(
1− e−2arv

)
dv

=− ∂

∂u
lnD(0, u) + e−ar(u−t) ∂

∂t
lnD(0, t) +

σ2
r

2a2r

(
1− e−ar(u−t)

)(
1− e−ar(u+t)

)
.

Combining these results yields Equation (58).

C Change of Measure and Stochastic Process Dynamics

In this section, we provide supplementary details on the change of measure from the risk-neutral measure Q
to the s-forward measure Qs and the resulting dynamics of the stochastic processes. In Section C.1, we derive
an explicit expression for the Radon–Nikodym derivative used in the change of measure. In Section C.2, using
Girsanov’s theorem, we establish the relationship between the Brownian motions under the two measures and
derive the dynamics of the short rate r(t) and the refinancing sensitivity y(t) under Qs. In Section C.3, we
derive analytical expressions for the conditional means and variances of these stochastic processes, which are
used in the closed-form approximation presented in the main text.

C.1 Change of Measure to the Forward Measure

In this subsection, we derive an explicit expression for L(t) defined in Equation (2). Using Equation (72), we
obtain

d

(
D(t, s)

M(t)

)/
D(t, s)

M(t)

=
dD(t, s)

D(t, s)
− dM(t)

M(t)
+

(
dM(t)

M(t)

)2

− dD(t, s)

D(t, s)

dM(t)

M(t)

=− σrBr(s− t)dWQ
r (t).

Therefore, L(t) satisfies

dL(t)

L(t)
= −σrBr(s− t)dWQ

r (t).

Solving this stochastic differential equation yields

L(t) =
dQs

dQ

∣∣∣∣
Ft

= e−
∫ t
0
σrBr(s−v)dWQ

r (v)− 1
2

∫ t
0
σ2
rB

2
r(s−v)dv. (74)

C.2 Stochastic Processes under the Forward Measure

In this subsection, we derive the relationship between the Brownian motions under the risk-neutral measure
Q and those under the s-forward measure Qs resulting from the change of measure. Furthermore, using this
relationship, we derive the stochastic differential equations for the short rate r(t) and the refinancing sensitivity
y(t) under Qs.

Consider standard Brownian motions WQs
r , WQs

y , and WQs

λ under Qs satisfying

dWQs
r (t)dWQs

y (t) =ρdt,

dWQs
r (t)dWQs

λ (t) =dWQs
y (t)dWQs

λ (t) = 0. (75)
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By Equation (74) and Girsanov’s theorem, the standard Brownian motions WQs
r , WQs

y , and WQs

λ under Qs are

related to the standard Brownian motions WQ
r , WQ

y , and WQ
λ under Q as follows.

dWQs
r (t) =dWQ

r (t) + σrBr(s− t)dt, (76)

dWQs
y (t) =dWQ

y (t) + ρσrBr(s− t)dt, (77)

dWQs

λ (t) =dWQ
λ (t). (78)

We establish these relationships below.
First, using mutually independent standard Brownian motions under Q, we can represent WQ

r , WQ
y , and

WQ
λ as follows.

dWQ
r (t) =dWQ

1 (t), (79)

dWQ
y (t) =ρdWQ

1 (t) +
√
1− ρ2dWQ

2 (t), (80)

dWQ
λ (t) =dWQ

3 (t). (81)

By Equation (74) and Girsanov’s theorem, the processes WQs

1 , WQs

2 , and WQs

3 defined below are mutually
independent standard Brownian motions under Qs.

dWQs

1 (t) :=dWQ
1 (t) + σrBr(s− t)dt, (82)

dWQs

2 (t) :=dWQ
2 (t), (83)

dWQs

3 (t) :=dWQ
3 (t). (84)

Using WQs

1 , WQs

2 , and WQs

3 defined above, we can express WQ
r , WQ

y , and WQ
λ as follows.dWQ

r (t)
dWQ

y (t)

dWQ
λ (t)


=

1 0 0

ρ
√
1− ρ2 0

0 0 1

dWQ
1 (t)

dWQ
2 (t)

dWQ
3 (t)


=

1 0 0

ρ
√
1− ρ2 0

0 0 1

dWQs

1 (t)

dWQs

2 (t)

dWQs

3 (t)

−

σrBr(s− t)
0
0

 dt


=

1 0 0

ρ
√
1− ρ2 0

0 0 1

dWQs

1 (t)

dWQs

2 (t)

dWQs

3 (t)

−

1 0 0

ρ
√
1− ρ2 0

0 0 1

σrBr(s− t)
0
0

 dt.

Here, the first equality follows from Equations (79)–(81), while the second equality follows from Equations (82)–
(84). Therefore, we obtain1 0 0

ρ
√

1− ρ2 0
0 0 1

dWQs

1 (t)

dWQs

2 (t)

dWQs

3 (t)

 =

dWQ
r (t)

dWQ
y (t)

dWQ
λ (t)

+

1 0 0

ρ
√

1− ρ2 0
0 0 1

σrBr(s− t)
0
0

 dt. (85)

Using the mutually independent standard Brownian motions under Qs defined in Equations (82)–(84), we define
WQs

r , WQs
y , and WQs

λ as follows.dWQs
r (t)

dWQs
y (t)

dWQs

λ (t)

 =

1 0 0

ρ
√
1− ρ2 0

0 0 1

dWQs

1 (t)

dWQs

2 (t)

dWQs

3 (t)

 . (86)

It follows directly from their definitions that WQs
r , WQs

y , and WQs

λ satisfy Equation (75). Substituting Equa-
tion (86) into Equation (85) yieldsdWQs

r (t)
dWQs

y (t)

dWQs

λ (t)

 =

dWQ
r (t)

dWQ
y (t)

dWQ
λ (t)

+

1 0 0

ρ
√
1− ρ2 0

0 0 1

σrBr(s− t)
0
0

 dt.
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Thus, we have established Equations (76)–(78).
We also derive the dynamics of r(t) and y(t) under the s-forward measure Qs. Applying (76)–(78) to the

stochastic differential equations for r(t) and y(t) under the risk-neutral measure Q yields the following stochastic
differential equations.

dr(t) =
(
ϑ(t)− σ2

rBr(s− t)− arr(t)
)
dt+ σrdW

Qs
r (t),

dy(t) = κy

(
ȳ − ρσrσy

κy
Br(s− t)− y(t)

)
dt+ σydW

Qs
y (t).

Here, Br(x) := (1− e−arx)/ar.

C.3 Analytical Expressions for Conditional Means and Variances

In this subsection, we show that the conditional means and variances of the processes r and y admit the following
analytical expressions:

µQs
r (t, u) =− ∂

∂u
lnD(0, u) + e−ar(u−t)

(
r(t) +

∂

∂t
lnD(0, t)

)
+

σ2
r

2ar
Br(u− t)

[
e−ar(s−u)

(
1 + e−ar(u−t)

)
−
(
1 + e−ar(u+t)

)]
, (87)

σQs
r (t, u) =σr

√
1− e−2ar(u−t)

2ar
, (88)

µQs
y (t, u) =e−κy(u−t)y(t) + ȳ

[
1− e−κy(u−t)

]
− ρσrσy

ar

[
1− e−κy(u−t)

κy
− e−ar(s−u) 1− e−(κy+ar)(u−t)

κy + ar

]
, (89)

σQs
y (t, u) =σy

√
1− e−2κy(u−t)

2κy
. (90)

First, we derive µQs
r (t, u). The short-rate process r(u) admits the following solution:

r(u) =e−ar(u−t)r(t) +

∫ u

t

e−ar(u−v)
(
ϑ(v)− σ2

rBr(s− v)
)
dv

+ σr

∫ u

t

e−ar(u−v)dWQs
r (v). (91)

Taking conditional expectations of both sides under Qs given Ft, and defining ℓ(v) := lnD(0, v), we can use
Equation (65) to evaluate the second term on the right-hand side of Equation (91) as follows:∫ u

t

e−ar(u−v)ϑ(v)dv

=

∫ u

t

e−ar(u−v)

[
−ℓ′′(v)− arℓ

′(v) +
σ2
r

2ar
(1− e−2arv)

]
dv

=

∫ u

t

(
−e−ar(u−v)ℓ′(v)

)′
dv +

σ2
r

2ar

∫ u

t

e−ar(u−v)(1− e−2arv)dv

=− ∂

∂u
lnD(0, u) + e−ar(u−t) ∂

∂t
lnD(0, t) +

σ2
r

2ar

∫ u

t

e−ar(u−v)(1− e−2arv)dv.

Furthermore, the following calculation yields

σ2
r

2ar

∫ u

t

e−ar(u−v)(1− e−2arv)dv − σ2
r

∫ u

t

e−ar(u−v)Br(s− v)dv

=
σ2
r

2a2r

(
−1 + e−ar(u−t) − e−ar(u+t) + e−2aru + e−ar(s−u) − e−ar(s+u−2t)

)
=

σ2
r

2ar
Br(u− t)

[
e−ar(s−u)

(
1 + e−ar(u−t)

)
−
(
1 + e−ar(u+t)

)]
.
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Combining these results, we obtain Equation (87). Setting t = 0 in Equation (87) yields an expression that
coincides with the formula given by Brigo and Mercurio (2006).

For σQs
r (t, u), Equation (91) yields

VarQs [r(u)| Ft] =σ2
r

∫ u

t

e−2ar(u−v)dv = σ2
r

1− e−2ar(u−t)

2ar
.

This establishes Equation (88).
Next, we derive µQs

y (t, u). The process y(u) admits the following solution:

y(u) =e−κy(u−t)y(t) +

∫ u

t

e−κy(u−v) (κy ȳ − ρσrσyBr(s− v)) dv

+ σy

∫ u

t

e−κy(u−v)dWQs
y (v). (92)

Taking conditional expectations of both sides under Qs given Ft and evaluating the integrals, we obtain Equa-
tion (89).

For σQs
y (t, u), Equation (92) yields

VarQs [y(u)| Ft] = σ2
y

∫ u

t

e−2κy(u−v)dv =
σ2
y

2κy

[
1− e−2κy(u−t)

]
.

This establishes Equation (90).
Figure 9 compares the analytical and Monte Carlo evaluations of µQs

r (t, s) and σQs
r (t, s). In addition,
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Figure 9: Comparison between the analytical and Monte Carlo evaluations of µQs
r (t, s) and σQs

r (t, s).
The left panel shows the conditional mean µQs

r (t, s), and the right panel shows the conditional standard
deviation σQs

r (t, s). Analytic (solid blue line) represents the results obtained by evaluating µQs
r (t, s) and

σQs
r (t, s) analytically based on Equations (87) and (88). Monte Carlo (dashed orange line) represents

the results obtained by evaluating the conditional mean and conditional standard deviation by Monte
Carlo simulation, based on the definitions in Equations (42) and (43), where paths of r(s) were
generated by discretizing Equation (37), the stochastic differential equation under Qs, using the Euler–
Maruyama method. The model parameters are given in Table 1, and the Monte Carlo simulation uses
the MC2 computational settings reported in the same table.

Figure 10 compares the analytical and Monte Carlo evaluations of µQs
y (t, s) and σQs

y (t, s).

D Conditional Moments of Prepayment Intensity under the Hull–
White Model

In this section, we derive analytical expressions for the conditional moments of interest-rate-dependent prepay-
ment intensity under the Hull–White model and examine their numerical validity. In Appendix D.1, we derive
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Figure 10: Comparison between the analytical and Monte Carlo evaluations of µQs
y (t, s) and σQs

y (t, s).

The left panel shows the conditional mean µQs
y (t, s), and the right panel shows the conditional standard

deviation σQs
y (t, s). Analytic (solid blue lines) represents the results obtained by analytically evaluating

µQs
y (t, s) and σQs

y (t, s) based on Equations (89) and (90). Monte Carlo (dashed orange lines) represents
the results obtained by evaluating the conditional mean and conditional standard deviation by Monte
Carlo simulation, based on the definitions in Equations (44) and (45), where paths of y(s) are generated
by discretizing Equation (38), the stochastic differential equation under Qs, using the Euler–Maruyama
method. The model parameters are given in Table 1, and the MC2 computational settings in the same
table are used for the Monte Carlo simulation.

an analytical expression for λ̄Qs

r,2(u, η) using truncated moments of a bivariate normal distribution. Next, in
Appendix D.2, we compare analytical evaluations with Monte Carlo simulation results for the two conditional
expectations appearing in the derivation of λ̄Qs

r,1(u), as well as for the first cumulant κ1(t, s) and the second
cumulant κ2(t, s), thereby numerically validating the analytical expressions.

D.1 Derivation of an Analytical Expression for λ̄Qs
r,2(u, η)

In this subsection, we derive an analytical expression for λ̄Qs

r,2(u, η). Specifically, exploiting the joint normality
of r(u), y(u), r(η), and y(η), we evaluate the conditional expectation using truncated moments of a bivariate
normal distribution. As in the main text, we consider the case t < u < η ≤ s. The boundary cases u = t and
u = η are treated as continuous limits of the expressions derived below.

First, from Equations (37) and (38), the deviations of r(v) and y(v) from their conditional means, for
v ∈ (t, s], can be expressed as follows:

r(v)− µQs
r (t, v) =σr

∫ v

t

e−ar(v−z)dWQs
r (z),

y(v)− µQs
y (t, v) =σy

∫ v

t

e−κy(v−z)dWQs
y (z).

Therefore, using the Itô isometry and Equation (46), we obtain the following covariances for t < u < η ≤ s:

CovQs [r(u), r(η)| Ft] =e−ar(η−u)
{
σQs
r (t, u)

}2
,

CovQs [y(u), y(η)| Ft] =e−κy(η−u)
{
σQs
y (t, u)

}2
,

CovQs [r(u), y(η)| Ft] =e−κy(η−u) CovQs [r(u), y(u)| Ft] ,

CovQs [y(u), r(η)| Ft] =e−ar(η−u) CovQs [y(u), r(u)| Ft] .
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Using the correlation coefficients introduced in the main text, we thus obtain

CorrQs [X(u), X(η)| Ft] =ρxx(t, u, η),

CorrQs [Y (u), Y (η)| Ft] =ρyy(t, u, η),

CorrQs [X(u), Y (η)| Ft] =ρxy(t, u)ρyy(t, u, η),

CorrQs [Y (u), X(η)| Ft] =ρxy(t, u)ρxx(t, u, η).

Consequently, the covariance matrix of (X(u), Y (u), X(η), Y (η))⊤
∣∣
Ft

coincides with Σ given in the main text.
We now define

X :=

(
X(u)
X(η)

)
, Y :=

(
Y (u)
Y (η)

)
.

The blocks of the covariance matrix corresponding to X and Y are given by

ΣXX =

(
1 ρxx(t, u, η)

ρxx(t, u, η) 1

)
,

ΣY X =

(
ρxy(t, u) ρxy(t, u)ρxx(t, u, η)

ρxy(t, u)ρyy(t, u, η) ρxy(t, η)

)
.

By the formula for the conditional distribution of a multivariate normal distribution, we obtain 1.

EQs [Y | Gt] = ΣY XΣ−1
XXX. (93)

Here, Gt := Ft ∨ σ(X(u), X(η)). Since

Σ−1
XX =

1

1− ρ2xx(t, u, η)

(
1 −ρxx(t, u, η)

−ρxx(t, u, η) 1

)
we obtain

EQs [Y (u)| Gt] =ρxy(t, u)X(u),

EQs [Y (η)| Gt] =αy(t, u, η)X(u) + βy(t, u, η)X(η),

Furthermore, using CovQs [Y ,Y | Gt] = ΣY Y −ΣY XΣ−1
XXΣXY

2, we obtain

CovQs [Y (u), Y (η)| Gt]

=ρyy(t, u, η)− ρ2xy(t, u)ρyy(t, u, η)

=
(
1− ρ2xy(t, u)

)
ρyy(t, u, η)

=γy(t, u, η).

Therefore,

EQs [Y (u)Y (η)|X,Ft]

=γy(t, u, η) + ρxy(t, u)X(u) {αy(t, u, η)X(u) + βy(t, u, η)X(η)} .

Using these results, the conditional expectation of y(u)y(η) given Gt can be expressed as follows:

EQs [y(u)y(η)| Gt]

=C00(u, η) + C10(u, η)X(u) + C01(u, η)X(η)

+ C20(u, η)X(u)2 + C11(u, η)X(u)X(η),

1The proof is as follows. Let A := ΣY XΣ−1
XX and ε := Y − AX. Then, CovQs [ε,X | Ft] = CovQs [Y ,X |

Ft] − ACovQs [X,X | Ft] = ΣY X − ΣY XΣ−1
XXΣXX = 0. Since uncorrelated jointly normally distributed random

vectors are independent, ε and X are conditionally independent given Ft. Therefore, EQs [ε | Gt] = EQs [ε | Ft] = 0.
Consequently, EQs [Y | Gt] = AX + EQs [ε | Gt] = ΣY XΣ−1

XXX.
2The proof is as follows. We use the same notation as in the proof of Equation (93). Noting that EQs [X | Gt] =

EQs [X | Ft ∨ σ(X(u), X(η))] = X and that X and ε are conditionally independent, we use Y = AX + ε to obtain
CovQs [Y ,Y | Gt] = CovQs [ε, ε | Gt] = CovQs [ε, ε | Ft]. Noting that A⊤ = Σ−1

XXΣ⊤
Y X and substituting ε = Y − AX into

the last expression yields the desired result.
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where C00(u, η), C10(u, η), C01(u, η), C20(u, η), and C11(u, η) are the coefficients defined in the main text.
On the other hand, using ∆Qs

r (t, v) = rflr(v)− µQs
r (t, v), as defined in the main text, we obtain

(rflr(v)− r(v))
+

=
{
∆Qs

r (t, v)− σQs
r (t, v)X(v)

}
1{X(v)≤d(t,v)}.

Therefore, by the law of iterated expectations, the expectation on the right-hand side of Equation (49) can be
expressed as follows:

EQs

[
y(u)y(η) (rflr(u)− r(u))

+
(rflr(η)− r(η))

+
∣∣∣Ft

]
=EQs

[{
C00(u, η) + C10(u, η)X(u) + C01(u, η)X(η)

+ C20(u, η)X(u)2 + C11(u, η)X(u)X(η)
}

×
{
∆Qs

r (t, u)− σQs
r (t, u)X(u)

}
×
{
∆Qs

r (t, η)− σQs
r (t, η)X(η)

}
× 1{X(u)≤d(t,u)}1{X(η)≤d(t,η)} |Ft

]
.

We now present analytical expressions for the truncated moments Mpq(u, η) defined in the main text. For
notational simplicity, we write

du := d(t, u),

dη := d(t, η),

ρx := ρxx(t, u, η),

ρ̄x :=
√

1− ρ2x.

Let Φ2(·, ·; ρx) and φ2(·, ·; ρx) denote the cumulative distribution function and probability density function,
respectively, of a standard bivariate normal distribution with correlation coefficient ρx. We also define

P := Φ2 (du, dη; ρx) ,

Ku := φ(du)Φ

(
dη − ρxdu

ρ̄x

)
,

Kη := φ(dη)Φ

(
du − ρxdη

ρ̄x

)
,

Kuη := φ2 (du, dη; ρx) .

By repeatedly applying integration by parts to the bivariate normal density, the truncated moments required
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for the calculations in the main text can be expressed as follows:

M00 =P,

M10 =−Ku − ρxKη,

M01 =−Kη − ρxKu,

M11 =ρxP − ρxduKu − ρxdηKη + ρ̄2xKuη,

M20 =P − duKu − ρ2xdηKη + ρxρ̄
2
xKuη,

M02 =P − dηKη − ρ2xduKu + ρxρ̄
2
xKuη,

M21 =M01 + ρxM10 − ρxd
2
uKu − ρ2xd

2
ηKη

+ ρ̄2x (du + ρxdη)Kuη,

M12 =M10 + ρxM01 − ρ2xd
2
uKu − ρxd

2
ηKη

+ ρ̄2x (ρxdu + dη)Kuη,

M30 =ρxM21 + 2ρ̄2xM10 − ρ̄2xd
2
uKu,

M22 =2ρxM11 +M20 − ρ2xd
3
uKu

− dη
(
ρ2xd

2
η + ρ̄2x

)
Kη

+ ρ̄2x
{
ρxd

2
u + dη (du + ρxdη)

}
Kuη,

M31 =ρxM22 + 2ρ̄2xM11 − ρ̄2xρxd
3
uKu + ρ̄4xd

2
uKuη.

Here, we have suppressed the arguments (u, η) and written Mpq = Mpq(u, η) for notational simplicity.
Expanding the expectation using the truncated moments derived above, we obtain

EQs

[
y(u)y(η) (rflr(u)− r(u))

+
(rflr(η)− r(η))

+
∣∣∣Ft

]
=C00(u, η)

[
∆Qs

r (t, u)∆Qs
r (t, η)M00(u, η)

−∆Qs
r (t, u)σQs

r (t, η)M01(u, η)

− σQs
r (t, u)∆Qs

r (t, η)M10(u, η)

+ σQs
r (t, u)σQs

r (t, η)M11(u, η)
]

+ C10(u, η)
[
∆Qs

r (t, u)∆Qs
r (t, η)M10(u, η)

−∆Qs
r (t, u)σQs

r (t, η)M11(u, η)

− σQs
r (t, u)∆Qs

r (t, η)M20(u, η)

+ σQs
r (t, u)σQs

r (t, η)M21(u, η)
]

+ C01(u, η)
[
∆Qs

r (t, u)∆Qs
r (t, η)M01(u, η)

−∆Qs
r (t, u)σQs

r (t, η)M02(u, η)

− σQs
r (t, u)∆Qs

r (t, η)M11(u, η)

+ σQs
r (t, u)σQs

r (t, η)M12(u, η)
]

+ C20(u, η)
[
∆Qs

r (t, u)∆Qs
r (t, η)M20(u, η)

−∆Qs
r (t, u)σQs

r (t, η)M21(u, η)

− σQs
r (t, u)∆Qs

r (t, η)M30(u, η)

+ σQs
r (t, u)σQs

r (t, η)M31(u, η)
]

+ C11(u, η)
[
∆Qs

r (t, u)∆Qs
r (t, η)M11(u, η)

−∆Qs
r (t, u)σQs

r (t, η)M12(u, η)

− σQs
r (t, u)∆Qs

r (t, η)M21(u, η)

+ σQs
r (t, u)σQs

r (t, η)M22(u, η)
]
.

Finally, using Equation (48), we obtain Equation (50).
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D.2 Numerical Validation of the First and Second Cumulants

In this subsection, we numerically validate the analytical expressions used to derive the first and second cumu-
lants. First, we compare the analytical and Monte Carlo evaluations of the two expectations appearing on the
right-hand side of Equation (41). Next, we perform the same comparison for the first cumulant κ1(t, s) and the
second cumulant κ2(t, s).

Figure 11 presents the results of evaluating these expectations as functions of time to maturity s − t. As
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Figure 11: Comparison between the analytical and Monte Carlo evaluations of the two expectations
appearing on the right-hand side of Equation (41). The left panel shows EQs

[
y(s)1{r(s)≤rflr(s)}

∣∣Ft

]
,

and the right panel shows EQs
[
y(s)r(s)1{r(s)≤rflr(s)}

∣∣Ft

]
. Analytic (solid blue lines) represents the

results obtained by analytically evaluating each expectation using the properties of the joint normal
distribution of r(s) and y(s) under Qs. Monte Carlo (dashed orange lines) represents the results
obtained by Monte Carlo simulation, where (r(s), y(s)) is sampled directly from the joint normal
distribution determined by the conditional means and standard deviations given in Equations (87)–
(90) and the conditional covariance. This method does not involve time discretization of the stochastic
differential equations. The black dotted line in the left panel represents EQs [y(s)| Ft], evaluated
analytically using Equation (89). The model parameters and the number of Monte Carlo simulation
paths are given in Table 1.

shown in Figure 11, the analytical and Monte Carlo evaluations are in close agreement for both expectations,
supporting the validity of the analytical expressions. Furthermore, comparison with the black dotted line in the
left panel shows that the indicator function restricts the expectation to the region where r(s) ≤ rflr(s), thereby
reducing its value.

Next, we compare the analytical and Monte Carlo evaluations of the first cumulant κ1(t, s) and the second
cumulant κ2(t, s) to numerically validate the analytical expressions. Figure 12 presents the results of evaluating
κ1(t, s) and κ2(t, s) as functions of time to maturity s− t. Figure 12 compares the analytical and Monte Carlo
evaluations of the first and second cumulants.

E Pathwise Monte Carlo Evaluation of MBS Sensitivities

In this appendix, we present a method for evaluating MBS interest rate sensitivities using Monte Carlo sim-
ulation. In particular, we consider the Pathwise method, which evaluates sensitivities to parallel shifts in the
initial zero-yield curve along individual simulation paths, without relying on finite differences of prices at dif-
ferent interest rate levels. In Appendix E.1, we examine how parallel shifts in the initial zero-yield curve affect
the interest rate process and the prepayment rate, and derive a method for evaluating the first-order interest
rate sensitivity of MBS prices using the Pathwise method. In Appendix E.2, we extend the Pathwise method to
second-order interest rate sensitivities and show how to evaluate MBS convexity without finite differences by ac-
counting for contributions from the nondifferentiable boundary arising from the nonlinearity of the prepayment
rate using conditional Monte Carlo simulation.
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Figure 12: Comparison between the analytical and Monte Carlo evaluations of the first cumulant
κ1(t, s) and the second cumulant κ2(t, s). The left panel shows κ1(t, s), and the right panel shows
κ2(t, s). Analytic (solid blue lines) represents the results obtained by numerically integrating the
analytical expressions derived using the properties of the joint normal distribution of the interest
rate and prepayment sensitivity processes under Qs. Monte Carlo (dashed orange lines) represents
the results obtained by evaluating each cumulant through Monte Carlo simulation, where random
variables are sampled directly from the conditional normal distributions under Qs. This method
does not involve time discretization of the stochastic differential equations. For both evaluations, the
trapezoidal rule is used for numerical integration over time, with the number of integration points
chosen so that the step size does not exceed 1/12 year. The model parameters and the number of
Monte Carlo simulation paths are given in Table 1.
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For methods of evaluating price sensitivities using simulation, see Broadie and Glasserman (1996). As in
the numerical analysis in the main text, we set the valuation time to t = 0 and assume an initial discount curve
given by D(0, u) = e−Ru. We also hold all model parameters other than R, as well as the initial states y(0) and
λc(0), fixed.

E.1 Pathwise Evaluation of Duration

First, we examine how a parallel shift in R affects future interest rate paths. When the initial zero-yield curve
is flat, Equation (65) implies that the drift term of the Hull–White model is given by

ϑ(u) = arR+
σ2
r

2ar

(
1− e−2aru

)
To make the dependence on R explicit, we denote the corresponding short rate by rR(u) and define

x(u) := rR(u)−R.

From rR(0) = R and Equation (33), we obtain

dx(u) =

{
σ2
r

2ar

(
1− e−2aru

)
− arx(u)

}
du+ σrdW

Q
r (u), x(0) = 0.

Since this stochastic differential equation does not depend on R, constructing the paths corresponding to
different values of R using the same Brownian motion yields

∂rR(u)

∂R
= 1

for each simulation path.
Next, using Equations (34)–(36), the 10-year zero yield at time u can be expressed as

R10,R(u) =R+
Br,10

10
x(u) +

σ2
rB

2
r,10

40ar

(
1− e−2aru

)
∂R10,R(u)

∂R
=1 (94)

where Br,10 = Br(10). This result implies that when the initial zero-yield curve is shifted in parallel from R to
R+ δR, the entire path of the 10-year zero yield generated using the same Brownian motion also shifts by δR.
Note that rflr(u), defined in Equation (40), also changes with R. Therefore, the strike is not held fixed when
taking derivatives with respect to R.

We denote the interest-rate-dependent prepayment rate by

λr,R(u) := y(u) (m− a− bR10,R(u))
+

From Equation (94), for paths and time points satisfying m− a− bR10,R(u) ̸= 0, we obtain

∂λr,R(u)

∂R
=− b y(u)1{m−a−bR10,R(u)>0} (95)

For any fixed u > 0, R10,R(u) follows a nondegenerate normal distribution. Therefore, under b ̸= 0, the
probability that m−a−bR10,R(u) = 0 is zero. Consequently, λr,R(u) is almost surely differentiable with respect
to R, and its derivative is given by Equation (95). In the following, we assume the integrability conditions
necessary to interchange differentiation with expectation and time integration.

For Zr(0, s), we can similarly differentiate the integrand in Equation (8) pathwise for fixed s. Indeed,
substituting rR(u) = R + x(u) into Equations (37) and (38) shows that the dynamics of x(u) and y(u) under
Qs are also independent of R. Thus, we obtain

∂Zr(0, s)

∂R
= bEQs

[
e−

∫ s
0
λr,R(u)du

∫ s

0

y(u)1{m−a−bR10,R(u)>0}du

]
.

Next, we derive the duration of the overall MBS price. Using Equations (5) and (16), and noting the
independence of λc from r(t) and y(t), the MBS price at t = 0 can be expressed as

V (0, T ) =

∫ T

0

D(0, s)Zc(0, s)EQs

[
e−

∫ s
0
λr(u)du

{
c+ P̃ (s)

(
λ̄c(0, s) + λr(s)

)}]
ds
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In the following, for notational simplicity, we omit the subscript R from rR(u), R10,R(u), and λr,R(u), and
define

A(s) :=

∫ s

0

λr(u)du,

J(s) :=

∫ s

0

y(u)1{m−a−bR10(u)>0}du,

G(s) :=c+ P̃ (s)
(
λ̄c(0, s) + λr(s)

)
Since D(0, s) = e−Rs and λ̄c(0, s) does not depend on R, we have

∂

∂R

{
D(0, s)e−A(s)

}
=D(0, s)e−A(s) (−s+ bJ(s)) ,

∂G(s)

∂R
=− bP̃ (s)y(s)1{m−a−bR10(s)>0}

Therefore, applying the product rule yields the following expression for the first derivative of the MBS price
with respect to R:

∂V

∂R
(0, T ) =

∫ T

0

D(0, s)Zc(0, s)EQs

[
e−A(s)

{
(−s+ bJ(s))G(s)

− bP̃ (s)y(s)1{m−a−bR10(s)>0}

}]
ds. (96)

In this expression, each term inside the expectation on the right-hand side can be evaluated along individual
simulation paths. The term −sG(s) corresponds to the effect of a parallel shift in discount rates, bJ(s)G(s)
captures the change in the outstanding principal fraction resulting from changes in prepayments, and the final
term represents the change in prepaid principal payments at time s.

Thus, the duration can be evaluated as

D(0, T ) =−
∂V
∂R (0, T )

V (0, T )

The right-hand side of Equation (96) can be evaluated directly from simulated paths, without using finite
differences to approximate the first derivative of the MBS price with respect to R.

E.2 Conditional Monte Carlo Evaluation of Convexity

In this subsection, we extend the Pathwise method developed in the preceding subsection to second-order
interest rate sensitivities and present a method for evaluating MBS convexity without using finite differences.
However, the interest-rate-dependent prepayment rate λr(u) = y(u)(m− a− bR10(u))

+ is not differentiable at
the point where the refinancing incentive is zero. Consequently, simply computing ordinary second derivatives
along individual simulation paths would omit the contribution arising from this boundary. In the following,
we express the boundary contribution in terms of a conditional expectation and evaluate it using Monte Carlo
simulation, exploiting the Gaussian properties of the Hull–White model. As in the preceding subsection, we set
t = 0 and D(0, s) = e−Rs, and assume b > 0 and σr > 0.

First, for notational simplicity, in addition to A(s), J(s), and G(s) defined in the preceding subsection, we
define

I(u) :=1{m−a−bR10(u)>0},

Γ(s) :=− s+ bJ(s)

Using Equation (95), we obtain

∂A(s)

∂R
=− bJ(s),

∂G(s)

∂R
=− bP̃ (s)y(s)I(s)
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On the other hand, the second derivative of the positive-part function can be expressed in the distributional
sense using the Dirac delta function δ0. Specifically,

∂2A(s)

∂R2
=b2

∫ s

0

y(u)δ0(m− a− bR10(u)) du,

∂2G(s)

∂R2
=b2P̃ (s)y(s)δ0(m− a− bR10(s))

Therefore, differentiating D(0, s)e−A(s)G(s) twice with respect to R yields

∂2

∂R2

{
D(0, s)e−A(s)G(s)

}
= D(0, s)e−A(s)

[
Γ(s)2G(s)− 2bΓ(s)P̃ (s)y(s)I(s)

+ b2P̃ (s)y(s)δ0(m− a− bR10(s))

− b2G(s)

∫ s

0

y(u)δ0(m− a− bR10(u)) du

]
.

This expression is formal because it involves Dirac delta functions. In the following, we evaluate these terms
using conditional probability densities after taking expectations.

For fixed s > 0, let 0 < u ≤ s. Under Qs, we define ps(u) as the probability density of m − a − bR10(u)
evaluated at zero. From Equations (39) and (40), we have

m− a− bR10(u) =
bBr,10

10
(rflr(u)− r(u))

Since r(u) follows a normal distribution under Qs, ps(u) admits the following analytical expression:

ps(u) =
10

bBr,10σ
Qs
r (0, u)

φ(ds(u)) ,

where ds(u) :=
rflr(u)− µQs

r (0, u)

σQs
r (0, u)

. (97)

Here, φ denotes the standard normal probability density function, while µQs
r and σQs

r are the conditional mean
and standard deviation defined in the main text. Equation (97) provides an analytical expression for the
probability density at the boundary used in the conditional Monte Carlo method.

Using the properties of the Dirac delta function, the second derivative of the MBS price can be expressed
as

∂2V

∂R2
(0, T ) =

∫ T

0

D(0, s)Zc(0, s)

{
EQs

[
e−A(s)

{
Γ(s)2G(s)− 2bΓ(s)P̃ (s)y(s)I(s)

}]
+ b2P̃ (s)ps(s)EQs

[
e−A(s)y(s) | r(s) = rflr(s)

]
− b2

∫ s

0

ps(u)EQs

[
e−A(s)G(s)y(u) | r(u) = rflr(u)

]
du

}
ds. (98)

The first term on the right-hand side corresponds to ordinary pathwise differentiation, while the second and
third terms represent contributions arising from the nondifferentiable boundary of the prepayment rate. In
particular, the second term corresponds to changes in prepaid principal payments at time s, while the third
term corresponds to changes in the outstanding principal fraction resulting from prepayments up to time s.

Next, to evaluate the conditional expectations in Equation (98), we describe a method for generating
conditional Gaussian paths. For fixed s, we generate paths of r(w) and y(w) under Qs and define the following
for v ∈ (0, s]:

r[v](w) :=r(w) +
CovQs [r(w), r(v)](

σQs
r (0, v)

)2 (rflr(v)− r(v)) ,

y[v](w) :=y(w) +
CovQs [y(w), r(v)](

σQs
r (0, v)

)2 (rflr(v)− r(v)) . (99)
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The processes r[v](w) and y[v](w) have the same finite-dimensional distributions as the processes r(w) and y(w)
conditional on r(v) = rflr(v). Letting h := min(w, v), the required covariances are given by

CovQs [r(w), r(v)] =
σ2
r

2ar
e−ar(w+v−2h)

(
1− e−2arh

)
,

CovQs [y(w), r(v)] =
ρσyσr

κy + ar
e−κy(w−h)−ar(v−h)

(
1− e−(κy+ar)h

)
These covariances do not depend on the deterministic drift adjustments arising from the change to the forward
measure. Therefore, Equation (99) allows us to generate conditional paths simply by transforming ordinary
Gaussian paths. In the following, we use the superscript [v] to denote quantities calculated from these conditional
paths. For example, we define

A[v](s) :=

∫ s

0

y[v](w)
(
m− a− bR

[v]
10 (w)

)+
dw,

G[v](s) :=c+ P̃ (s)

(
λ̄c(0, s) + y[v](s)

(
m− a− bR

[v]
10 (s)

)+)
where R

[v]
10 (w) denotes the 10-year zero yield calculated using the conditional short rate r[v](w).

In this case, the finite-dimensional distributions of the conditional paths coincide with those of the original
paths conditional on r(v) = rflr(v). Therefore, for example,

EQs

[
e−A(s)G(s)y(v) | r(v) = rflr(v)

]
= EQs

[
e−A[v](s)G[v](s)y[v](v)

]
This allows us to evaluate the boundary contributions in Equation (98) as ordinary expectations of functionals
of the conditional Gaussian paths. Thus, the convexity can be evaluated as

C(0, T ) =
∂2V
∂R2 (0, T )

V (0, T )

This method allows us to evaluate the second-order interest rate sensitivity without using finite differences of
MBS prices at different interest rate levels, while accounting for the boundary contributions arising from the
nondifferentiability of the prepayment rate.

F Closed-Form Approximations for MBS Duration and Convexity

In this section, we derive analytical expressions for MBS duration and convexity based on the closed-form
approximation for MBS prices developed in Section 4. Specifically, by taking the first and second derivatives
of the MBS price V (2)(t, T ), obtained using the cumulant expansion truncated at the second cumulant, with
respect to the interest rate level R, we analytically evaluate D(2)(t, T ) and C(2)(t, T ), as defined in Equations (59)
and (60), respectively.

As in the numerical analysis in the main text, we assume that the initial zero-yield curve is flat and that
D(0, s) = e−Rs. When differentiating with respect to the interest rate level R, we hold the mortgage rate m
and all other model parameters fixed and apply a parallel shift to the entire initial zero-yield curve. Under this
setting, not only the discount factors but also the future interest rate distributions implied by the Hull–White
model and the interest-rate-dependent prepayment rates depend on R. Therefore, the following derivations
account for both the interest rate sensitivity of the discount factors and that of future cash flows through the
prepayment process.

In Appendix F.1, we derive an analytical expression for duration D(2)(t, T ) by taking the first derivatives
of the individual price components in Equation (51) with respect to R. Next, in Appendix F.2, we derive an
analytical expression for convexity C(2)(t, T ) by evaluating the second derivatives of these price components.
In both cases, we analytically evaluate the interest rate sensitivities of the first and second cumulants associ-
ated with interest-rate-dependent prepayments, allowing the resulting sensitivities to be expressed in terms of
deterministic time integrals.

F.1 Derivation of a Closed-Form Approximation for MBS Duration

In this subsection, we derive a closed-form approximation for MBS duration by differentiating the second-order
cumulant approximation V (2)(t, T ) in Equation (51) with respect to the interest rate level R. As in the numerical
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analysis in the main text, we assume a flat initial zero-yield curve, with r(t) = R and D(t, s) = e−R(s−t). When
differentiating, we hold the mortgage rate m and all other model parameters fixed. Under these assumptions,
∂RD(t, s) = −(s− t)D(t, s), while Zc(t, s) and c̄0(t, s) are independent of R.

First, for the conditional means under the forward measure and the refinancing incentive, we have

∂Rµ
Qs
r (t, u) = 1, ∂Rµ

Qs
y (t, u) = 0,

∂Rrflr(u) = 1− 10

Br,10
, ∂R∆

Qs
r (t, u) = − 10

Br,10

Since the conditional variances and covariances are independent of R, the derivative of the integrand of the first
cumulant is given by

∂Rλ̄
Qs

r,1(u) = −b

[
µQs
y (t, u)Φ(d(t, u))− CovQs [r(u), y(u) | Ft]

σQs
r (t, u)

φ(d(t, u))

]
. (100)

Similarly, differentiating Equation (50) yields the following expression for the derivative of the integrand of the
second cumulant:

∂Rλ̄
Qs

r,2(u, η)

=− b2Br,10

10

∑
(p,q)∈I

Cpq(u, η)
[
(∆u +∆η)Mpq(u, η)

− σuMp+1,q(u, η)− σηMp,q+1(u, η)
]

(101)

Here, I, Cpq, ∆v, σv, and the truncated moments Mpq are defined in the derivation of the second cumulant
in the main text. These coefficients and conditional covariances are independent of R, and the differentiation
accounts for changes in ∆u, ∆η, and the truncation region.

The derivatives of the first and second cumulants are therefore given by

∂Rκ1(t, s) =

∫ s

t

∂Rλ̄
Qs

r,1(u) du,

∂Rκ2(t, s) =2

∫ s

t

∫ s

u

[
∂Rλ̄

Qs

r,2(u, η)

− ∂R

{
λ̄Qs

r,1(u)λ̄
Qs

r,1(η)
}]

dηdu.

We define

H(2)(t, s) :=∂Rκ1(t, s)−
1

2
∂Rκ2(t, s), (102)

∂RZ
(2)
r (t, s) =−H(2)(t, s)Z(2)

r (t, s)

Next, we derive the interest rate sensitivity of the cash flows arising from interest-rate-dependent prepay-
ments. The effective prepayment rate under the second-order cumulant approximation is given by

λ̄(2)
r (t, s) :=λ̄Qs

r,1(s)−
∫ s

t

[
λ̄Qs

r,2(u, s)

− λ̄Qs

r,1(u)λ̄
Qs

r,1(s)
]
du (103)

where this expression is obtained by holding the s-forward measure fixed. Consequently,

∂Rλ̄
(2)
r (t, s) =∂Rλ̄

Qs

r,1(s)−
∫ s

t

[
∂Rλ̄

Qs

r,2(u, s)

− ∂R

{
λ̄Qs

r,1(u)λ̄
Qs

r,1(s)
}]

du, (104)

∂Rc̄
(2)
r (t, s) =e−

∫ t
0
λ(u)duP̃ (s)∂Rλ̄

(2)
r (t, s). (105)

Using these results, the first-order interest rate sensitivities of the individual price components are given by

∂RV0(t, T ) =−
∫ T

t

(s− t)c̄0DZc ds,

∂RV
(2)
r (t, T ) =

∫ T

t

DZcZ
(2)
r

[
∂Rc̄

(2)
r − (s− t+H(2))c̄(2)r

]
ds,

∂RV
(2)
op (t, T ) =

∫ T

t

c̄0DZc

[
−(s− t)(1− Z(2)

r ) +H(2)Z(2)
r

]
ds.
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Here, the arguments (t, s) of the functions within the integrals have been omitted for notational simplicity.
Substituting these expressions into Equation (59) yields the duration contributions of the individual price
components. Alternatively, directly differentiating the product representation of the MBS price gives

D(2)(t, T )

=
1

V (2)(t, T )

∫ T

t

DZcZ
(2)
r

[
(s− t+H(2))c̄(2) − ∂Rc̄

(2)
r

]
ds. (106)

Thus, D(2)(t, T ) can be evaluated using analytical moments of truncated normal distributions and deterministic
time integrals, without relying on finite differences or Monte Carlo simulation.

F.2 Derivation of a Closed-Form Approximation for MBS Convexity

In this subsection, we derive an analytical expression for the convexity C(2)(t, T ) of the MBS price under the
second-order cumulant approximation by further differentiating the first-order interest rate sensitivities derived
in the preceding subsection.

First, we consider the second-order interest rate sensitivities of the first and second cumulants. For notational
simplicity, we fix the s-forward probability measure Qs and define

L1(u) :=λ̄Qs

r,1(u),

L2(u, η) :=λ̄Qs

r,2(u, η)

Throughout this subsection, primes denote derivatives with respect to the interest rate level R.
For the integrand of the first cumulant, further differentiating Equation (100) yields, for u > t,

L′′
1(u) =

10b

Br,10

φ(d(t, u))

σQs
r (t, u)

[
µQs
y (t, u)

+
CovQs [r(u), y(u) | Ft]

σQs
r (t, u)

d(t, u)

]
(107)

Similarly, L′′
2(u, η) can be obtained by further differentiating Equation (101). In this differentiation, the

second derivative of the positive-part function gives rise to contributions from the boundaries at which the
refinancing incentive is zero. Specifically, defining g(u) := m− a− bR10(u), we can express L′′

2(u, η) as

L′′
2(u, η) =b2EQs

[
2y(u)y(η)1{g(u)>0}1{g(η)>0}

+ y(u)δ0(g(u))λr(η)

+ λr(u)y(η)δ0(g(η)) | Ft

]
(108)

Here, δ0 denotes the Dirac delta function, and the above expression is understood in the distributional sense
when taking expectations. The second and third terms can be expressed as products of conditional probability
densities at the boundaries and conditional expectations. Under the Hull–White model, (r(u), r(η), y(u), y(η))
follows a joint normal distribution. Therefore, these expectations can be evaluated analytically using moments
of truncated normal distributions.

Consequently, the second derivatives of the first and second cumulants are given by

∂2
Rκ1(t, s) =

∫ s

t

L′′
1(u)du, (109)

∂2
Rκ2(t, s) =2

∫ s

t

∫ s

u

[
L′′
2(u, η)− L′′

1(u)L1(η)

− 2L′
1(u)L

′
1(η)− L1(u)L

′′
1(η)

]
dηdu (110)

In addition to H(2)(t, s) defined in the preceding subsection, we introduce

K(2)(t, s) :=∂2
Rκ1(t, s)−

1

2
∂2
Rκ2(t, s) (111)

From Equation (56), we obtain

∂2
RZ

(2)
r (t, s) =Z(2)

r (t, s)

[(
H(2)(t, s)

)2
−K(2)(t, s)

]
(112)
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Furthermore, the second derivative of the effective prepayment rate defined in Equation (103) is given by

∂2
Rλ̄

(2)
r (t, s)

=L′′
1(s)−

∫ s

t

[
L′′
2(u, s)− L′′

1(u)L1(s)

− 2L′
1(u)L

′
1(s)− L1(u)L

′′
1(s)

]
du (113)

Therefore,

∂2
Rc̄

(2)
r (t, s) =e−

∫ t
0
λ(u)duP̃ (s)∂2

Rλ̄
(2)
r (t, s) (114)

Using these results, we derive the second-order interest rate sensitivities of the individual price components.
In the following, we set τ = s − t and omit the arguments (t, s) of the functions within the integrals where
appropriate.

First, for V0(t, T ), we obtain

∂2
RV0(t, T ) =

∫ T

t

τ2c̄0DZcds (115)

Next, applying the product rule to V
(2)
r (t, T ) gives

∂2
RV

(2)
r (t, T )

=

∫ T

t

DZcZ
(2)
r

[
∂2
Rc̄

(2)
r − 2(τ +H(2))∂Rc̄

(2)
r

+
{
(τ +H(2))2 −K(2)

}
c̄(2)r

]
ds (116)

Similarly, for V
(2)
op (t, T ), we obtain

∂2
RV

(2)
op (t, T )

=

∫ T

t

c̄0DZc

[
τ2(1− Z(2)

r )

− Z(2)
r

{
2τH(2) + (H(2))2 −K(2)

}]
ds (117)

Substituting these expressions into Equation (60) allows us to decompose the overall MBS convexity into
the contributions of the individual price components. Alternatively, directly differentiating the product repre-
sentation of the MBS price yields the following expression for C(2)(t, T ):

C(2)(t, T )

=
1

V (2)(t, T )

∫ T

t

DZcZ
(2)
r

[
∂2
Rc̄

(2)
r − 2(τ +H(2))∂Rc̄

(2)
r

+
{
(τ +H(2))2 −K(2)

}
c̄(2)
]
ds. (118)

Equation (118) provides a closed-form approximation for MBS convexity obtained by taking the second
derivative of the second-order cumulant approximation for the MBS price with respect to the interest rate
level R. Since the required expectations can be evaluated analytically using moments of truncated normal
distributions, convexity can be computed through deterministic time integrals, without relying on Monte Carlo
simulation or finite differences with respect to the interest rate level.
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