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Abstract

The market for complex credit derivatives such as First-to-default swaps (FtDS) has become
less actively traded since the 2008 financial crisis, even though FtDS might still be used in
certain bespoke transactions by specific financial institutions. However, FtDS, thanks to its
structural simplicity, plays a crucial role in theoretical research as an important starting point for
understanding other more complex multi-name credit derivatives. We investigate the dynamics
of the market spread of the FtDS using an information-based credit risk model. Specifically,
we derive stochastic differential equations satisfied by the market FtDS spread and the first-to-
default hazard rate process within the information-based model, allowing us to consider how
they are driven by the information flow. Our findings show that the dynamics of the market
FtDS spread are explained by the quality of information on survival conditions, measured by
the discrepancy between conditional expectations of each credit factor under different conditions
related to the first default time.

Keywords Dependent default, Information-based approach, First-to-default swap, Market spread
Mathematics Subject Classification (2020) 60H10, 60H30, 91B28

1 Introduction

We have been interested in how the price dynamics of defaultable securities, such as defaultable
zero-coupon bonds and credit derivatives, are influenced by considering default risk contagion. In
this study, we focus on the first-to-default swap (FtDS), a type of basket credit derivative, and
investigate the dynamics of the market spread of FtDS, that is, the value of the credit default swap
(CDS) spread that makes the protection leg and the premium leg equivalent at any time during
the contract period.

In existing studies, numerous findings exist regarding the pricing of the FtDS; to mention a
few: Frey and Backhaus [10], Liang, Ma, Wang et al. [13], Schonbucher [16], and Zheng and
Jiang [19]. Most of these results deal only with static cases, focusing solely on computing prices
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at a particular time point without considering temporal evolution. Few results offer a dynamic
perspective, particularly concerning stochastic differential equations governing the price process.
In the case of a single-name CDS, Bielecki, Jeanblanc, and Rutkowski [2] derive the dynamics of the
market CDS spread without any specific model, just in terms of a semimartingale decomposition.
The result on the single-name market CDS spread can be extended to the case of the market FtDS
spread, allowing for a reinterpretation of the dynamics of the market spread of FtDS. However,
we aim to further investigate the dynamics of the market FtDS spread more specifically via the
stochastic differential equations satisfied by the market FtDS spread. To do so, we need to assume
a specific credit risk model. For this purpose, we use a multi-name credit risk model with an
information-based approach as proposed by Nakagawa and Takada [15].

The information-based approach, initially introduced by Brody et al. [4], proposes a method
for representing the dynamics of asset prices by modeling the flow of market information. In their
framework, it is assumed that market information comprises the future cash flow values associated
with the given assets. However, market participants are unable to observe this information directly
and must contend with the presence of noise. Based on the available information related to the
anticipated payouts of the given asset, market participants make their best efforts to estimate the
value of the upcoming cash flows. These estimates, in turn, influence decisions regarding trans-
actions, subsequently triggering movements in the asset’s price. The information-based approach
can also be applied to depict the perceived probability of default, which may vary based on the
information flow representing market sentiments regarding default risk. The single-name case has
been thoroughly studied by Brody et al. [5], and extended to multi-name cases by Nakagawa and
Takada [15] to derive the dynamics of a pair of defaultable zero-coupon bonds in an explicit form.

The primary reason for focusing on the information-based approach to model the market spread
of FtDS is its ability to easily incorporate the structure of default contagion. Default contagion is
the phenomenon which is often observed in the market. One default event can negatively impact
the credit quality of other active companies, potentially leading to further defaults in the worst case.
From the viewpoint of credit risk management, numerous researchers and practitioners have been
interested in modeling for the analysis of default contagion (see, for example, [10], [11], [12], [17],
and [19]). This interest is primarily motivated by the belief that accurate estimations of default
contagion play a pivotal role in refining the measurement of counterparty risk, valuation procedures,
and hedging strategies for credit-risky assets dependent on multiple entities. As Duffie [§] suggests,
if the default intensity processes of all the reference companies are independent, the market spread
of FtDS is merely dependent on the aggregate of default intensities within the reference pool. In
general, however, default dependencies must be taken into account, and therefore the dynamics of
the market FtDS spread are considered to be related to these default dependencies. Our research
focuses precisely on this aspect: how does default contagion influence the stochastic dynamics
of the market spread of the FtDS? In our information-based credit risk model, it is possible to
incorporate the potential for default contagion among multiple obligors by introducing correlations
between latent variables called “credit-related individual factor”, which play a role in determining
the default times of each obligor.

In this study, we first discuss the dynamics of the market FtDS spread in a model-free manner,
assuming a stylized FtDS instead of an actively traded one. We then introduce the information-
based multi-name credit risk model developed by Nakagawa and Takada [I5]. Using this model,
we derive the stochastic differential equations (SDEs) satisfied by the market FtDS spread and the



first-to-default hazard rate process to specifically examine their dynamics. As a result, the diffusion
terms of the market FtDS spread and the first-to-default hazard rate process exhibit very similar
structures. These diffusion terms depend on the discrepancy between the conditional expectations
of each credit factor due to differences in conditions regarding the first default time.

The remainder of this paper is organized as follows: In Section 2, we establish a general math-
ematical model to describe a stylized FtDS market and review the valuation formula for the FtDS.
Additionally, we derive a model-free stochastic differential equation (semimartingale decomposition)
satisfied by the market FtDS spread. In Section 3, we introduce our information-based multi-name
default risk model and prepare several mathematical tools from Nakagawa and Takada [15]. In
Section 4, we introduce several additional symbols to succinctly express the results and use them
to derive the stochastic differential equations satisfied by the market FtDS spread and the first-to-
default hazard rate process. We also explore how the dynamics of the market FtDS spread and
the first-to-default hazard rate process are influenced by the information flow. Section 5 and the
Appendix provide the proofs of the propositions concerning the SDEs followed by the market FtDS
spread and the first-to-default hazard rate, respectively.

2 First-to-Default Swap

A first-to-default swap (FtDS) is a type of basket credit derivative backed by a reference portfolio
of credit-sensitive securities to protect against losses resulting from the first default in the reference
portfolio. In this sense, the FtDS is a multi-name version of credit default swap (CDS). Specifically,
the seller of the protection must compensate the buyer for its losses in the event of the first default
in the reference portfolio before the maturity of the FtDS. Meanwhile, the buyer must periodically
pay the seller a predetermined premium, called the FtDS spread, until maturity or the first default
occurs.

In general, the FtDS is mathematically formulated as follows. Under the assumption of no
arbitrage, we model a financial market that includes several defaultable instruments on a probability
space (2, G,P), which is rich enough to support some Brownian motions. We assume that P is a
risk-neutral pricing measure. The pricing measure P cannot be uniquely specified only by the
assumption of no arbitrage due to market incompleteness. In practice, however, this assumption
is sufficient for the discussion that follows since one can imply some model parameters under the
pricing measure by calibrating the obtained pricing model to the market data of corporate bonds
or credit default swaps. In what follows, we suppose that all expectations are taken under the
risk-neutral pricing measure P.

Similar to Brody et al. [5], throughout the paper we assume that the credit risk-free interest rate
process 1 is deterministic. Hence the credit risk-free saving account, denoted by By := exp( fot rydu),
is also deterministic. We note that for ¢ < s,

S
B;!'B; = exp <—/ rudu)
t

stands for the (deterministic) credit risk-free discount factor from time s to time £Z.

1 Tt is possible to make the credit risk-free interest rate stochastic without affecting our discussion on credit risk



Let n € N. We suppose the FtDS whose reference portfolio consists of n obligors’ debts and that
the maturity time of the FtDS is fixed at T' € (0,00). We specify the n obligors by their default
times, or some nonnegative G-random variables denoted by 7, - - - , 7, respectively. In addition, we
denote the first default time among them by 71y := min{7; | i € [n]} = 71 A--- A T,. For notational
convenience, we denote by [n] := {1,2,--- ,n} a set of all the obligors in our universe.

Here we introduce some filtrations. Let {#!} be the filtration generated by the default indicator
process 1¢.. <4 of each obligor i € [n], where Hi:=o(r; As:0<s<t). Also, we denote by {H;}
the filtration of the whole default information given by H; := \/_; Hi. Moreover, let {F;} be a
filtration for the whole market information except for the occurrence of defaults. The filtration
{F:}, which we hereafter call “the default-free market filtration,” is formally defined here, and we
will specify it using an information-based approach in the next section.

Since we have {7}y >t} = {r1 >¢,---, 7, > t}, the conditional survival probability of the first
default time 7(;) given F; defined by F(l)(u; t):=P (7'(1) > u | ]:t) can be viewed as

P(T(1)>u|ft):]]?)(7—1>u7”'7Tn>U’ft).

Let F(u1,...,up;t) == P (71 > u1, - ,7Tp > up | F¢) for uy, -+ ,u,, t > 0 be the conditional joint

survival probablhty function. Thus we have F(l)(u t) = F(u,...,u;t). Also, we denote the con-
d -

ditional density of 7y given F; by f(1y(u;t) := —d—F(l)(u; t). We remark that if the conditional
u

joint survival probability is differentiable, the conditional density f(1)(u;t) can be represented by

foy(ust) Z@F u;t),

where 0; represents the partial derivative of the function F' with respect to the i-th variable. (See
for example Bielecki et al. [3] pp.164-165.) We suppose that the conditional density f(;)(u;t) exists
hereafter in this section.

We also remark that F (1)(t; 1) is viewed as a bounded supermartingale, so the relation

t
Foy(tit) =1~ [ fy(ust)du
0
is obtained as the unique Doob-Meyer decomposition of F(l)(t; t). Thus according to subsection 3.8

in Bielecki et al. [3], the first-to-default hazard rate process {)\gl)} is defined by

O fay 1) 1

R NCD) (1)
(DAL

We also see )\ Z \i, where 5@ is the first-to-default intensity for obligor ¢ € [n] given by

1P(t<7’i St—i—h,T(l) >t‘]:t)
hio h Fay(t;t) '

modeling by introducing another information process as Section 2.2.2 of [I§]. However, our main concern is modeling
the first default, so we need to pay little attention to the risk-free rate dynamics.



We will now introduce the pricing model for the FtDS and specify what will be called the
“market FtDS spread,” which is the focus of our analysis. Let us mention in advance that we will
formulate it in an abstract, stylized manner with continuous premium payments instead of discrete
payments made in the actual transaction. Such a formulation is called “stylised” in subsection 4.3
of Capinski and Zastawniak [6]. It has the advantage of being mathematically more manageable,
such as not taking into account the accrued interest.

The evaluation of FtDS is usually considered separately on the ”Protection Leg” and ” Premium
Leg,” similar to that of a single-name CDS. In recent CDS conventions, the premium payments are
customarily set at a fixed annual spread of 1% or 5%, depending on the credit risk of the reference
bond, and the discrepancy in the initial value of both legs is paid as an upfront premium. However,
we will consider the spread that makes the initial value of both legs equal according to the old
convention, without any upfront payment at the time of the contract.

Protection Leg

The protection seller has to compensate the protection buyer for the loss caused by the first default
event in the reference portfolio if it occurs before the maturity 7. We suppose that the compensation
at the first default time is given by a constant §. Then the present value at time ¢t € [0, 7] of the

protection leg is given by
E |:_Bf1 Btel{t<‘r(1)§T} | Fi V /Ht} .

(1)

Using some elementary credit risk calculation methods, we have
]E |:_B_1 Btal{t<T(1)§T} | .Ft \/ Hti|

(1)
1 -1
= 1{t<T(1)}IP)(7_1>—ME |:B7'(1)Bt91{t<T(1)§T} ’ ]:t:|

0 T 1
= 1{t<T(1)}F(1)(t;t)/t B, Btf(l)(u;t)du.

Premium Leg
We assume that the protection buyer continuously pays a predetermined premium called the FtDS
spread to the protection seller until the first default occurs or the FtDS matures.

If the FtDS spread is given by a constant &1, the present value at time ¢ of the premium leg
is given by

T
E [/t B, 'Bir W yer, ydu | Fi V H



Using some elementary credit risk calculation methods, we have

T
E [/t B By (ycr, ydu | FyV Ht}

(1) T

(D r o
~ O Ry t)/t B Befiy (e t)du.

Market FtDS Spread

Here we define the T-maturity market FtDS spread Iigl) at time t € [0,7] as the level of
the T-maturity FtDS spread that makes the premium leg with the spread and the protection leg
equivalent at time t. The term “market” FtDS spread follows the definition of the market CDS
spread in subsection 3.7.5 of Bielecki et al. [3]. We should remark the T-maturity market FtDS

spread mgl)is different from the spread #() that is actually paid. Namely,

i B f (1) 1 )du
=15, . 2
{t< (1)} ft s t)du (2)
We can rewrite the market FtDS spread /@il) given in (2) as
o(t, T
PO (t,T)

{t<7’(1)} A(t T)

where

T
A(t,T) ::/ Bglp(l)(u;t)du,
t
T
o(t,T) = 9/ By fay(us t)du
t

We note that A(t,T) can be represented by the tower property of conditional expectation as
follows.
T
A(t,T) :/ B'P (1 >, 1 >u | Fy)du
t
T

= | BIEP(r >u,- 1 >ulF) | Fildu
t

T
=F [/t B;lF(l)(u;u)du | ft}
R .
=E [/0 B, Fuy(uw;u)du | ]-"t} —/0 B, Fyy(u; u)du.



Then we can see that the process {m;'} defined by

T
mf =E [/0 B;ll*:‘(l)(u; w)du | Fy (3)

is an {F;}-martingale. It follows
T
m — /0 By'E [E [L(nou . may | Fu] | i) du
T
_ / BI'E (15 sy | Funt] du
0

T
= /0 B;lﬁ(l)(u; u At)du.

Similarly, 6(¢,T") can be represented as

0t T) :eE[/ltTB;1<—ZaiF(u,--~ ,u;u))du | .7-}}

= H{E[/OT By fay (u; u)du | J’t] - /Ot By fy (us u)dU}-

The process {m?} defined by

mf = E[/OT B;lf(l)(u;u)du | ]-"t} (4)

is an {F;}-martingale, and it follows

m? = /OT Bglf(l)(u; u A t)du.
Hence we can express
dA(t,T) = dmj* — B; ' Fpyy(t; t)dt, (5)
do(t, T) = 0 {dmﬁ — B Py (s t)AE”dt} . (6)

The second equality follows from the definition of the first-to-default hazard rate process )\El) in
.

To conclude this section, we derive a semimartingale decomposition satisfied by the market
FtDS spread processes {I{gl)} given in (2). The decomposition is almost the same as that for the

spread of a single-name credit default swap presented at the end of subsection 3.7.5 of Bielecki et
al. [3].

Theorem 2.1. The market FtDS spread process {/{EI)} with maturity T given in (2] satisfies the
following stochastic differential equation (SDE).

1 1 17 1 1 1
dr) = 1{t<7(1)}M{Bt YFy (t5t) (ﬁg ) A )) dt + 0dm! — kM dmi
(1) A A A 0
Ky d{m?,m?)y — 0d(m?,m7 )y (1)
+ A(t,T) + - dlicry))s (7)




where Agl) is the first-to-default hazard rate process defined in ().

Proof. We apply Ito’s formula to obtain

0t, T
d"%gl) = 1{t<T(1)}d< G T))> (1)d1{t<7<1>}
{t<T(1)}A 9 ) At T) * (A, T))?
7A 7T t
E ))A(E,T>)> ) R L) ®)

Substituting the equations () and (@) into (&), we obtain

1 1 e 1

— Iﬁgl) (almg4 — B;lﬁ(l)(t; t)dt)

L UACT),ACT)), {6, T), ACT)) }
t A(t,T) A(t,T)

+ mD Ay
Since the quadratic covariations satisfy
d(A(T), A T))e = d{m?,m?),,
d((-,T), A( T))e = 6d(m?,m?),,
we can obtain the equation given in (g]).

O]

We remark that the market FtDS spread process /1( ) gets closer to the product of the compen-

sation at default and the first-to-default hazard rate process 9/\§ as t /T. Indeed, heuristically,
the following can be obtained in a model-free manner.

0 (TB-1y (u;t)du
1 1 . T— u (1),
/ﬁgpl = lim K,g ) — lim 1{t<7’<1)} T ¢ ; —
t/T LT T—t Jt By F( )( )du
f(1)(T;T) (1

To calculate (7)) further we need to know some specific form of the conditional joint survival
probability F(u1,...,un;t) of the default times. In other words, we need to introduce a model that
clarifies default dependencies among the default times 71, - - , 7,. In the next section, we introduce
an information-based model of default times in order to achieve more specific representation of the
SDE satisfied by the T-maturity market FtDS spread /iil).



3 Information-based model of default times

In this section, we introduce our information-based model of default times according to Nakagawa
and Takada [I5]. We suppose that the probability space and other settings are given in the previous
section.

At first, the information-based model characterizes the default times {7;};c[,,) in terms of some
integrable random variables {Z;};c(,)- Here we think of Z; as representing some credit-related
individual factor for each obligor i. We will often call it the i-th credit factor for simplicity.
Specifically, we define the i-th obligor’s default time by

T = h;l(ZZ),
where h; is a continuous deterministic invertible increasing function with liH(l] hi(s) = —oo, lim h;(s) =
S—

S—00
+00.
Let po ((2j)jem)) = Po(21, - - ., 2n) is the unconditional joint density of the credit factors (Z1, ..., Z,).

For example, we can regard the i-th credit factor Z; as Z; = p;Z + /1 — p?ai, where Z and ¢;
are independent standard normal variables representing a common factor and idiosyncratic factor
respectively and p; € [—1,1] is a parameter. Then the credit factors {Z; };c[, are specified as some
correlated standard normal random variables, so pg can be regarded as an n-dimensional centered
correlated normal density function. Indeed, we will suppose that py is such a correlated normal
density function for a numerical illustration later. We also remark that such specification of default
times is analogue to the idea of so called ASFR Model (asymptotic single factor risk model).

Also, from another point of view, the formulation may be classified into incomplete-information
structural approach such as Cetin, Jarrow, Protter and Yildirim [7], Duffie and Lando [9], and
Nakagawa [14] for single-name case, and Benzoni, Collin-Dufresne, Goldstein and Helwege [1] for
multi-name case.

Next, we introduce the concept of market information flow, whereby we can explicitly describe
the amount of available information associated with the credit factor. We assume that market
participants can only access partial information with inseparable noise. Hence we can concretely
compose the default-free market filtration {F;}, which stands for the information available to the
market participants, as shown below.

For each i = 1,...,n, let {¢}} (i € [n]) be an i-th market information process associated with
the credit factor Z;, which is formulated as

& == o0tZ;+ B, (i€ [n])

where o; > 0 is termed “information flow rate” (see [5]), and {B;} : i € [n]} is a set of n mutually
independent standard Brownian motions, called “market noise,” that are independent of all the
credit factors {Z;}icpn)-

Then, we specify the default-free market filtration {F;} as the natural filtration generated from
the observable information processes {£:}, namely,

Fi=o0(E:0<s<ticn].



The default information filtrations {H{} and H; := \/[_, Hi are the same as those given in the
previous section. Finally, we define G, = F; V H; for any ¢t > 0 and view the filtration {G;} as the
total information available to the market participants. Now that the default-free market filtration
{Fe} is speciﬁcally given, we can proceed with the calculation of the conditional joint survival
probability F'(uq,...,uy;t) for the first default time. This is done in order to analyze the dynamics

(1)

of the T-maturity market FtDS spread x; * presented at the end of the previous section.

As shown in [15], we remark that the information process {¢{} has the Markov property with
respect to the filtration {F;} because we have

for any collection of times ¢, s,s1,...,8; with ¢t > s> sy > 89 > --- > s > 0. Thus we can show
the following proposition similar to the proof of Proposition 2.3 in [I5]. Henceforth, we shall use
the following notation.
. ot
Ei(&';2;) == exp <Jizi§§ - 20323) .

Proposition 3.1. On the set {my > t,---,7, > t}, that is, if no default happens until t, the
conditional joint survival probability of the first default time F(uq,...,un;t) is given as follows.
For any uy,...,u, (>t), we have

F(ul,...,un;t) :P<T1 > Ul, -, Tn >un| {fi}je[no

n

/nH {z;>h;(uj) }pO ZJ j€ln] H § Z] dz])je[n]

/R ZJ Jj€ln] H (¢; 2j)(dz5) jeqn)

Thus the stochastic dynamics of the T-maturity market FtDS spread {mgl)} given in ([7) can be
represented more explicitly in our information-based credit risk model through further calculations
using Proposition Bl In the following sections, we aim to obtain a more specific representation
than (8) of the stochastic differential equation satisfied by the T-maturity market FtDS spread H,ﬂl)
with our information-based model.

Figure [Il shows simultaneously simulated sample trajectories on the interval [0,0.5] of the FtDS

spread process ngl)(dotted line) and the first to default intensity process )\gl)(solid line) for the
reference portfolio {1,2}. We set r; = 0.01(constant), oy = 0.1,00 = 0.2, T = 1 (year), § =
1.0 and p = 0.4. We assume that the functions h; (i = 1,2) are specified by 7, = h; }(Z;) :=
—log (®(—Z;)) /\i with parameters A\; = 0.01 and Ay = 0.02, respectively, where ® denotes the
standard normal distribution function. Such a specification of h; follows from the naive assumption
that the default time 7; follows the exponential distribution with constant hazard rate \;, namely,
P(1; > t) = exp(—\it).

The two trajectories in Figure [l demonstrate that /@il) moves simultaneously in response to
the increase or decrease of )\,El). This property arises because both /ﬁgl) and )\El) are functionals
of the same form of information flows &} and &2, except for the difference in the weighted average

10



0.06

0.02

Figure 1: Simulated sample trajectories of x; and )\gl) for reference portfolio {1, 2}.

by B;! across future time points u > t. And the difference between /\gl) and mgl) decreases as

time ¢ approaches the maturity 7', attributed to the gradual fading of the influence of the weighted
average by B, '

4 Main Results

This section aims to investigate in more detail the semimaritingale decomposition representation
([@) satisfied by the T-maturity market FtDS spread f#) derived in Theorem 2.1l Specifically, under

the information-based model, we explicitly derive the stochastic differential equation satisfied by

the T-maturity market FtDS spread Iigl).

First, similar to the discussions in Nakagawa and Takada [15] before stating their main results,
we will focus on the conditional joint survival probabilities and related quantities. Thus, we define
some {F;}-adapted processes needed to present the main results as follows.

For z1,...,z, € R and i € [n], we set

G = /R,L po ((5)jem) 11 €675 29)(d2)seim;

JE[n]

Gt = /Rn 2o ((z)jem) [T &5 2)(d2)) e, (9)

JEM]

(w1, .-y Tn) 1= /Rn T 150300 (i) TT (€5 20)(d2)) jep

Jj€lmn] j€lmn]

ori(T1,. ., Tn) = /Rn I 150120 ((z3)jem) T €875 20)(d2)) ey,

j€n] i€

11



plult):= wt(hl( )y hn(w)), @i(u | 1) = pri(hi(u), ... ha(w),

P(u | t): Z@(pu\t Yi(u|t): Zajgo,u]t. (10)
Here 0;p(u | t) and 0j¢;(u | t) appeared in (I0) are specified as below.

0
Ojp(u | t) = 5 —@i(ha(ur), ., hn(un))fur == =u
J

9
= h(u)— .o, T
38 gy P T Dy et

0
= h;(u)aw/ H 1{Ze>ace}p0 ((ZZ)Ee[n})
j n

Le(n]

< T &% 20) (dze)eepm

zg=hy(u) (€€[n])

Len]
_h/ / B H 1{z;>h4 u)}po (217 <oy Rj—1, h]( )7 Zi4ly e ZTL)
(n]\{7}
X 5t(§J§ j(u) H E (€5 20) (dz0) pe )\ ()
fe[n]\{j}
Similarly,
djepi(u | t)
= h/ / 1 2p>Tp <l [n 5 d n
8% n H (o p0 (et eg] &m0 deienn ze=he(u) (¢E[n))
—h;(u)/n H 1{Zi>he( )}ZiPo (21,...,zj_l,hj(u),zjﬂ,...,zn)
R e\ {5}
X E(&5 () Tloepp 7y € (€5 20) (dze) e 1) if j #i

_h, / H 1{z;>hg(u)}h ( )pO (Zl,.. s Zi—1, N ( )7Zi+17'--7zn)
" eein)\{i}
xE(E%5 hi(w)) Tloenp iy €% 20)(d20) s gy if j =i

The process (; serves to normalize other quantities so that their ratios to (; can be interpreted as
conditional probabilities or conditional expectations. As direct consequences of Proposition B.1] we
have

Gti
G’

p(u]t)

E[Z; | 1] = g

F(l)(u;t) =P >uy..., 7 >ul| F) =

12



..... G
d _
fay(ust) = _@F(l)(u;t)
. t
:_Zajp(7'1>u’~"77—n>u‘ft) :¢(U| )’
= zj:hj(u) Ct
=D 0Bl > Zi | i =hy ()
i=1 R
n ¢z(u | t)
=S 0EAr ou sy Zi | T -
Z j [ {r1>u,..., n>u} | t] zj=h;(u) Gt

j=1
In addition, we define the followings for calculating the market FtDS spread. For i € [n],
T
©(1)i= [ BNl Odu
t

T
:/t qul /Rn H 1e>0,1P0 ((zj)jE[n}) H gt(§J5Zj)<dzj)jE[n}du’ (11)
Jj€ln]

J€[n]

T
®4(T) = / B, pi(u | t)du
t

T .
=/ BEI/T 1T 150200 (()jemy) 1] €€ 20)(d2)) jepmdu, (12)

t ' jeln) 7€)

T
W (T) = / Byl (u | t)du

T n
— —/ B;l 28] |:/ H 1{Zj>xj}p0 ((Z])]G[n])
t j=1 Rn

JEN]

< 11 5t(£j;2j)(d2j)je[n]} du (13)
j€ln] z=h;(u)
T
Uy i(T) := / B;lwi(u | t)du
t
T 1 n
—= [ 2o Tt (e
! =t R e
< 1] &(ﬁj;Zj)(de)je[n}] du. (14)
j€ln] zj=h;(u)
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At last, we define another process {W{};cj,) as

3 3 Cuz
W} = & — o
! ! 0 Cu

It follows from Levy’s characterization theorem that the process {W{};c[,] are {F;}-standard Brow-
nian motions. We aim to represent the stochastic differential equations with respect to the {F;}-
standard Brownian motions {W;};cp,)-

t
= gg—ai/o E[Z; | Fuldu. (15)

We should remark that the ratios of the above variables to the normalizer (; can be regarded
such as

(T T
tC( ) = / B 'P(ry > u,m > u | Fy)du
t t

We also mention that when comparing the case of defaultable bonds discussed in [I5], it differs
due to the weighted integral with respect to B, ! because of the infinitesimal cash flow payment of
FtDS spread.

Now we present one of the main results: the stochastic differential equation satisfied by the

(1)

T-maturity market FtDS spread x, ’ under the information-based model.

Proposition 4.1.

1 1
dry") = 1{t<T(1)}f€§ )

‘I)t (T) \Ijt (T)

S, (cpt,z-(T) B \11,;,-(T)> -
=1
: Zf’ Caieny i) (i =)

B YE(t; ¢

R r PGt (Kgl)_wg))dt]
o / B;'E AP Fy(usw) | Fi| du

t

1
+ K‘g—) dl{t<7'(1)}' (16)
We give the proof of the proposition in the next section.

(1)

As for the expression k; ' — 9>\§1) in the last drift term, we can see on the event {t < 7(1)},
W p-15 (4
ke By Fy(t:t) ( fﬂ—%ﬁ”)
07 BB N Foy () | ] du
/igl)Bt_lp(l)(t‘ ) <0ft lf(l U, t)du 9}\(1)>
= t

eftT B:'E [/\Q(LI)FQ)( )| ]:t} du ft (ust)du

Do = T -1 (1) M) £ )
_ OB Fyt) S BE (W =20 Py | 7] d

T a— -
Ji Ba 'E [Fy(us w) | Fe] du ftT By 'E [)\g) Fy(u;u) | ft] du
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This implies that market FtDS spread can move upward if the first-to-default hazard rate is likely
to increase ()\1(}) — )\El) > 0 for u > t), and vice versa. Indeed, this property does not depend on a

specific mathematical model.

The last consideration seems to imply that in order to understand the dynamics of /@il) more

thoroughly, it is necessary to know the dynamics of /\ﬁl). As such, we also seek the SDE satisfied

by the first-to-default hazard rate process )\El).

Proposition 4.2. Let o(t) := @(t | t),0i(t) == @it | t),0(t | t) := P(t) and P;i(t) := it | t).
Then we have

d)&) _ )\gl) [_ iUi (%‘(t) _ 1/;((;))) AW

=1
+ Z 7 (5o e ) (G~ )

(1) "~ 9()
+ A dt+; o0 dt} (17)

S

—~
o~

S~—

The proof is given in Appendix [Al

Comparing ([I8) and (IT), it is apparent that the volatility term and a part of the drift term

of the market FtDS spread Iigl) and the first-to-default hazard rate /\gl) have a similar structure
because ®,(T") and ¥;(T") indeed corresponds to ¢(t) and () respectively.

As for the volatility terms of nf), we can see

‘<<I>t,i(T)_\I/t7i(T)>: (S Bt [ du [ B i(u | #)du
Z \ 7B [ 0du J) Bitulu| tdu)

o(T) Wy(T)

Moreover, the volatility terms of )\gl) can be viewed as

o (%(t) B w(t)) . <goi(t [t) it t))
\e) () AWDERTAD)

E[I{T(1)>t}Zi ’ .Ft] o 2]21 OJE[l{T(1)>t}ZZ | ]:t] Zthj(t)
TN TR >t R n
g SRR
=0 Bl >n2i | Fi] B R ajE[l{T(l)>t}Zi i zj=h;(#)
' Fuy(t;t) fay(t:t)
=0; E[Zz'|~7'—t77'(1)>t]_ZE[Zi|}-tyT(1):Tj: ]
=1

These findings imply that the noise impact of the i-th information process on the dynamics of

mgl) as well as )\51) can be explained in terms of the information quality of the survival condition

15



in the estimation of the i-th credit factor Z;, which is measured via the discrepancy between the
JFi-conditional expectation of the i-th credit factor conditioned on 71y >t and 7(;) = ¢.

Similarly, as for the following part of the second term in (), we have

pit) G
et) G

= E[Z,L | -7:7&77_(1) > t] — E[ZZ | ]:t]

Hence, we find that the drift term of the dynamics of /{El) as well as )\gl) is also influenced by

the information quality given by the difference between the F;-conditional expectation of the i-th
credit factor conditioned on 71y > ¢ and unconditioned on 7(;) in the estimation of the i-th credit
factor.

5 Proof of Proposition 4.1]

Remember the stochastic differential equation (7]) in Theorem [2.]] which is in general satisfied by

the market FtDS spread process {f#)} with maturity 7. From Proposition Bl it follows that the
{F;}-martingales m;! (defined in [3))) and m? (defined in (@)) appearing in (7)) can be rewritten as

T t
m;“:/t B;lF(l)(u;t)dqu/O By, 'Fyy(u; u)du

t

and
, T ¢
my :/ B;lf(l)(u;t)du+/0 By fay (w; u)du
¢

_ W(T)
G

t
+/O B;lf(l)(u; u)du. (19)

5.1 Stochastic differentiation of the martingale m:!

®4(T)
G

t

We first examine the term that appears in (I8). Since we see for each i,

A B .
d&(&"; zi) = 0z exp <Jizi§§ — 20?,212) gy,

it follows from Ito’s formula on ®,(7") in (II]) that
d0(T) = —B; ' Fy(tt)dt + Y 0%y i(T)dg,
i=1

where ®;;(T) is defined in (I2)). And also applying Ito’s formula to ¢;, we have

¢y = Z UiCt,idfzv (20)
i=1
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where (;; is defined in ([@). Thus by applying Ito’s formula again, we have

O(T) | =By ' GF (6 0)dt + Yo7y 03y i(T)déE] i 0iGidé
Gt D4(T) Gt

Z? 1 z tz Z 1 q)tl( )Ctz
dt — ==L7 d
¢ - (1) Gt '

=P (i - ) (s -

=1

dmg4 =

I } + B Fyy (t;t)dt

Therefore, if we use the {F;}-standard Brownian motion W} given in (I5) instead of &, we can
conclude that

n

4 (T '<‘I>t,i(T) Ct,i) ;
i = ;“ a1 o )M

5.2 Stochastic differentiation of the martingale m?

Uy(T)

t

Next, as for dm{, we compute the term that appears in (I9). Applying Ito’s formula to

U(T) in (I3),

dUy(T) = =B G foy(t:t)ydt + Y o0y (T)de],
i=1
where U, ;(T) is defined in (14).
V(T

t

Uy (T') {_ By ' fy(tt)dt + 30 030 (T)dE] i 0iGridé

Hence applying Ito’s formula to the quotient , we obtain

dm? =

Gt Wy(T) Gt
py= ;ﬁ gy Z?:lg(\p]f;g)g’idt} + By fy k)t
_ WD)y ,(‘I’t,i( ) Cm)
o 2 \wm o)™

5.3 Stochastic dynamics of f#)

From the above results, we can compute d{(m*, m4); and d{(m*, m%); in (@) as follows.

o CE L

=

ity = S S0t () - &) (S~ &)

=1




Therefore we can conclude that the SDE (7]) for the market FtDS spread process {mgl)} can be
represented by

1)

drl) = By () (v — oxV) at

s 4579

+A(t1,T){”§1) (q)tg )>Z: @t}%) Cé:>2dt
i”f s ) (i - )]

2{ i an ) omin(en ]

1
+ "igf)dl{t<7(l)}-

We have thus derived the explicit form of the stochastic differential equation for {ngl)}. However,
the coefficients seem still too complicated. From the relations

(T U, (T o(t, T
A, T) = tét ), H(t,T)ZGtC(t)a A = {t<r<n}M’

it follows that the diffusion term is further calculated as follows.

n

w2l (i - ) M (Gt &)y
e (G ) - (o )y
Via a similar argument, we rewrite the following part of the drift term as follows.
T { 4 (HR) ;" (G- )
e Z.Zn;"? (aim %) Gl - ) dt}'

Since f(1)(u;u) = )\q(})F(l)(u; u), we can see on the set {t < 7(1)},

1 im0, T) By Fy(tt)
A B Fo (0 = a7 9(75 T)
_ W By 'y (t;t)

T
G/t BJI]E [A&l)F(l)(u; w) | ft} du
These calculations finally imply the representation given in ([I6]).
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6 Conclusion

By applying the multi-asset credit risk model based on the information-based approach to analysis
of the market FtDS spread process, we derived the SDE followed by the market FtDS spread process
more specifically. In addition, we also derived the SDE for the first-to-default hazard rate process
that appears within the SDE of the market FtDS spread and were able to observe the structural
similarities between them via the volatility term and a part of drift term of the SDEs.

In particular, the market FtDS spread and the first-to-default hazard rate are likely to move in
the same direction under the influence of the information flow, but their difference converges over
time.

Furthermore, we found that the dynamics of the market FtDS spread as well as the first-to-
default hazard rate can be explained in terms of the information quality of the survival condition
in the estimation of each credit-related individual factor, which is measured via the discrepancy
between a couple of conditional expectations of each credit factor with respect to different conditions
related to the first default time.

We believe that the multi-name information-based credit model has various other potential
applications, which are promising areas for future research. For example, it seems useful for theo-
retically analyzing the dynamics of the market spread of Credit Default Index Swaps, such as iTraxx
and CDX. As a practical application, the multi-name information-based credit model enables us
to discuss the effectiveness of delta hedging strategies for multi-name credit derivatives like FtDS
using single-name CDSs. Additionally, it allows for stress scenario analysis of the present value of
some CDS portfolios, paying attention to wrong-way risk.

A Proof of Proposition

To begin with, it follows from the first-to-default hazard rate process {)\El)} defined in ()

-= - (21)

dfy(t;t)  dFy(t;t) +d<F(1)(';'))t d{f1y (), Fay(5))e
foGt)  Foy(tt)  Fuy(tt)? N GIRNCTI

In order to derive the SDE followed by A", we need the SDEs followed by f(1)(t;t) and Fiy)(t; )
respectively.

We note that F(1)(t;t) can be represented by

/Rn IT 1esm@ypo (Giem) T1 &(&525)(d2)) em)

o(t) jeln] j€ln]

G /Rn o (()jem) [T €& 20)(dz) jepmy

JEMN]

Fay(t;t) =
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n
From (20) we remember d(; = Z aiCt,idff . In addition, we have
i=1

= {0ie(t) + gip(t)de]} = —p(t)dt + Y oup(t)dg;.
=1 i=1

Thus we have

_ — d dt d t d S/t
dF oy (t;t) =d (ﬁ?) = Fy (1) ;0(()) é + (éf; - <g(0t)2 >
- - o (P i p2lti (Pilt) G, v()
~ Foyltt) {lzl Z(w(t) G ) % - ; G <%0<t> Gi ) S0 dt}
(#ilD) (dgt Cé%it) Fpy(t; t):ﬁég dt

= Foy(t;t) Y _oi (%(t)

i=1

th T (t;t)dt

The last equality holds because we have

o= S0 00 g%

Next we move to the dynamics of f(1)(¢;t). Note that

=Y {0 () +onhi(t)dEi} =D Oip(t)dt + Y owpi(t)de;.
i=1 i=1 i=1

Therefore we have

df(l(tt)—d< ): <‘W’_dCt

e d{ 7C>t>
P(t) )2 (t)Ce

d(¢

(@ (0
e N (i) G U G (i) G " 9 (t)
_f(l)(t,t){;a ( ) _Ct> 2 C<¢(t ) ; 00 dt}

:f(l)(t;t){ZUi <@i,~((;€)) C“)thJFZ ? }

i=1

Finally, substituting these into (2I]) leads to the SDE (7).

Acknowledgements This study was supported by JSPS KAKENHI Grant Number JP20K 04960
and JP23K04292.

References
[1] Benzoni, L., Collin-Dufresne, P., Goldstein, R. S., and Helwege, J., Modeling

credit contagion via the updating of fragile beliefs, Working paper available at
https://ssrn.com/abstract=2016579, (2015)

20



Bielecki, T. R., Jeanblanc, M., and Rutkowski, M., Pricing and Trading Credit Default Swaps
in a Hazard Process Model, The Annals of Applied Probability, 18(6), 2495-2529 (2008)

Bielecki, T. R., Jeanblanc, M., and Rutkowski, M., Credit Risk Modeling, Osaka University
Press, Osaka (2009)

Brody, D. C., Hughston, L. P., and Macrina, A., Information-based asset pricing, International
Journal of Theoretical and Applied Finance 11, 107-142 (2008)

Brody, D. C., Hughston, L. P., and Macrina, A., Credit risk, market sentiment and randomly-
timed default, Stochastic Analysis 2010. Springer, Berlin, Heidelberg, 267-280 (2010)

Capinski, M., and Zastawniak, T., Credit Risk (Mastering Mathematical Finance), Cambridge
University Press (2016)

Cetin, U., Jarrow, R., Protter, P., and Yildirim, Y., Modeling credit risk with partial infor-
mation, Annals of Applied Probability, 14, 1167-1178 ( 2004).

Dulffie, D., First-to-Default Valuation, Working paper of Graduate School of Business. Stanford
University. (1998)

Duffie, D., and Lando, D., Term structures and credit spreads with incomplete accounting
information, Econometrica, 69, 633-664 (2001)

Frey, R., and Backhaus, J., Pricing and hedging of portfolio credit derivatives with interacting
default intensities, International Journal of Theoretical and Applied Finance 11(6), 611-634
(2008)

Herbertsson, A., Pricing synthetic CDO tranches in a model with default contagion using the
matrix-analytic approach, Journal of Credit Risk 4(4), 3-35 (2007)

Jarrow, R., and Yu, F., Counterparty risk and the pricing of defaultable securities, Journal of
Finance 56(5), 1765-1799 (2001)

Liang, Jin, Ma, Jun Mei, Wang, Tao, and Ji, Qin., Valuation of Portfolio Credit Derivatives
with Default Intensities Using the Vasicek Model, Asia Pacific Financial Markets 18, 33-54
(2011)

Nakagawa, H., A Filtering Model on Default Risk, J. Math. Sci. Univ. Tokyo, 8, 107-142 (2001)

Nakagawa, H. and Takada, H., A Default Contagion Model for Pricing Defaultable Bonds from
an Information Based Perspective, Quantitative Finance, 23(1), 169-185 (2023)

Schoénbucher, P. J., Credit Derivatives Pricing Models, John Wiley & Sons, England (2003)

Schonbucher, P. J., and Schubert, D., Copula-dependent defaults in intensity models, Preprint
at ETH Zurich and Universitat Bonn, available at https://ssrn.com/abstract=301968. (2001)

Yu, F. and Rutkowski, M., An Extension of the Brody-Hughston-Macrina Approach to Mod-
eling of Defaultable Bonds, International Journal of Theoretical and Applied Finance, 10(3),
557-589 (2007)

21



[19] Zheng, H., and Jiang, L., Basket CDS pricing with interacting intensities, Finance and Stochas-
tics 13, 445-469 (2009).

22



